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Ezercise 1.6. (i) If y € B(x,r) then § = r — d(z,y) > 0. Now observe that,
if z € B(y,0), then

d(z,z) < d(z,y) +d(y,z) < d(y,z)+d <r.

(i) If y, € B(z,r) and y, =Y, then

d(z,y) < d(x,yp) + d(Yn, y) <7+ d(Yyn,y) — 1,

so d(z,y) <rand y € B(z,7).

(iii) Suppose that X \ E is not open. Then there is a point y ¢ E such
that B(y,r) N E # @ whenever r > 0. Choose y, € B(y,1/n)N E. We have
Yn € E, yy =Y and yet y ¢ E. Thus E is not closed.

(iii) Suppose that X \ E is not closed. Then there is a sequence y,, ¢ E
with y, ? y and yet y € E. Thus B(y,r) € E for all r > 0 and E is not

open. 0

FExercise 1.10. Suppose x, 7 x. Let € > 0. We can find an N such that
d(x,,x) < €/2 for all n > N. It follows that

AT, ) < d(Tp,z) +d(x,2) <€/2+€/2=¢
for all n, m > N. O

Lemma 1.11. (i) Let € > 0. We can find an N such that d(z,, z,,) < €¢/2 for
m, n > N. We can now find a J such that n(J) > N and d(z,),r) < €/2.
We now observe that, if m > N, we get

A(Tm, ) < d(Tpy, Tne)) + d(2n), ) < €/2+€/2 =€
(ii) If x,, is Cauchy we can find a strictly increasing sequence n(j) with
d(xn,xm) < 6(])

for all n, m > n(j). By hypothesis, x,(;, converges as j — oco. Part (i) now
tells us that the sequence z,, converges. O

FEzercise 1.12. (i) Observe that, whenever z, y, z € Y,

dy(z,y) = d(z,y) = 0,
dy(z,y) =0 d(z,y) =0 x =1y,
dy(z,y) = d(z,y) = d(y, ) = dy (y, ),
dy(z,y) + dy(y,z) = d(z,y) + d(y, z) > d(z, z) = dy(z, 2).



(ii) Suppose the sequence z,, is Cauchy in (Y, dy). Then the sequence z,
is Cauchy in (X, d), so x,, — z for some x € X. But Y is closed, so x € Y
and x, — x in (Y,dy).

(iii) If y, € Y and y, — vy in (X,d), then y, is Cauchy in (X,d), so
Cauchy in (Y, dy), so y, — z in (Y,d,) for some z € Y. It follows that
Yn — 2 in (X, d) so, by the uniqueness of limits, y = z € Y. Thus Y is
closed. O

Theorem 1.13. We prove the case when n = 2. Suppose that x,, = (2, Yn)
is Cauchy in R2. Since

|:L‘n - xm| S ||Xn - Xm”a

x,, is Cauchy in R and by our 1A theorem (Theorem 1.7) converges to a limit
x. Similarly y, converges to a limit y in R. If we set x = (x,y), then

%0 —x[| <ln — 2]+ |yn —y| = 0
as n — oo. ]

Ezercise 2.2. Write x,, = (x,,y,). We have that z,, is a bounded sequence in
R and so (by the 1A result) there exists an x € R and a sequence n(j) — oo
such that z,;) — x as j — 0o. Now y,(;) is a bounded sequence in R and
so there exists a y € R and a sequence j(k) — oo such that y,¢u)) — oo as
k — oo. Now set r(k) = n(j(k)) and x = (x,y) to obtain r(k) — oo and
X, (k) —> X as k — 00. O

Theorem 2.3. (i) Since x, € E, we know that the x, form a bounded sequence
and so have a convergent subsequence x,(;) — X. Since I is closed, x € E.
(i) If E is not bounded, we can find x, € E with ||x,11] > ||x.|| + 1. If
r>s
I — x> ] = [ > 1,

so no subsequence can be Cauchy and so no subsequence can converge.
If E is not closed, we can find x,, € F and x ¢ E such that x, — x. Any
subsequence of x, will still converge to x ¢ FE. O

Theorem 2.5. Suppose that y, € f(E). Then y, = f(x,) for some z, € E.
By the Bolzano—Weierstrass property, we can find n(j) — oo and x € E such
that x,;y — r as j — oo. Now, by continuity,

Yn(j) = f(@ngy)) — flz) € fF(E)

so we are done. O



Theorem 2.6. By Theorem 2.5, f(E) is closed and bounded. Since f(FE) is
non-empty, it has a supremum (see 1A), «, say. By the definition of the
supremum, we can find a,, € E such that

a—1/n< f(a,) < a.

By the Bolzano—Weierstrass property, we can find n(j) — oo and a € E such
that a,jy — a as j — oo. We have f(a,)) = f(a), so f(a) = . Thus

fla) > f(x)
for all x € E. We find b in a similar manner. O

Theorem 2.8. Let n > 1. Suppose P(z) = Z? 0 @jz? where, without loss of

generality, we take a,, = 1.
IftR>2(2+ E?;& laj|), then, whenever |z| > R, we have

n—1
[P(2)] = [2]" = layl|2P
7=0

n—1

= |2[" (1 - \%’HZI“")
7=0

> |2["/2 > faol.

Since Dp = {z € C : |2] < R} is closed and bounded (so compact) and
the map z — |P(z)] is continuous, |P| attains a minimum on Dy at a point
2p, say. By the previous paragraph, |zo| < R (since |P(zp)| < |P(0)|) and so
we can find a 0 > 0 such that |P(z)| > |P(zo)| for all |z — z| < 4.

By replacing P(z) by P(z — z), we may assume that zy = 0 so that
|P(2)] > |P(0)| for all |z] < 4. If ag = 0, then we have P(0) = 0 and we are
done.

We show that the assumption that ag # 0 leads to a contradiction. Ob-

serve that
P(z) = Zajzj + ap = ag (1 — Z bjz])
j=m j=m

with a,, # 0 and so b,, # 0. Choose 6 so that b, exp(imf) is real and
positive. Then

n

|P(nexpif)| < laol = [bm|n™ + laoly™ " Y 1b] < lao| = [bm|n™/2 < |P(0)|

j=m

when 7 is strictly positive and sufficiently small. We have the required con-
tradiction. m



Ezercise 2.9. (i) Let S(m) be the statement that, if P is a polynomial of
degree n with n < m and a € C, then there exists a polynomial () of degree
n — 1 and an r € C such that

P(z)=(z—a)Q(2) + .

Suppose that S(m) is true and P is a polynomial of degree m + 1. Then
P(z) = Az™ + Q(z) where A # 0 and @ is a polynomial of degree at most
m. We have

P(z) = A(z —a)z™ + q(2)

where ¢(z) = Q(z) + az™, so ¢ is a polynomial of degree at most m and, by
the inductive hypothesis,

q(2) = (z = a)u(z) +r

with u a polynomial of degree at most m — 1. Thus P(z) = (z —a)Q(z) +r
with Q(z) = Az™ + u(z). We have shown that S(m + 1) is true.

Now S(1) is true, since cz+d = ¢(z —a) + (d — ca), so the required result
follows by induction.

(ii)) We have P(z) = (z — a)Q(z) + r by (i). Setting z = a, we have
0= P(a) =r so r =0 and the result follows.

(iii) If P, has degree n > 1, then the fundamental theorem of algebra tells
us that P, has a root a,. By (ii), there exists a polynomial P, ; of degree
n — 1 such that

P(z) = (2 — an) Py_1(2).

Using induction, we deduce that

P(2) = Po(2) ] (= - ay),

j=1

where Py(z) is a polynomial of degree 0, that is to say, Py(z) = A with A a
constant.

(iv) If P is not the zero polynomial, then (iii) tells we can find m < n
such that

P(z) = AH(Z — a;)

with A, ai, as, ..., a, € Cand A # 0. Now P(z) = 0 if and only if z = a;
for some 1 < j < m. The result follows. OJ



FExercise 3.2. There are a wide variety of ways of doing this exercise. Any
way that works is fine.

(i) If 2 € Int E, we can find a § > 0 such that B(z,2J) C E. Ify € B(x,0),
then, by the triangle inequality,

z € B(y,6) = z € B(x,26) C E.

Thus Int £ is open.

If V is open and V' C FE, then, if v € V, there exists a 6 > 0 with
B(v,0) CV CE. Thus V C Int E.

(ii) If z, € CIE and x, — =z, then we can find y, € E such that
d(yn, x,) < 1/n. By the triangle inequality,

A(Yn, ) < d(Yn, Tpn) +d(xp,2) > 04+0=0

sox € Cl1E.

If F'is closed and F' O E, then, whenever z,, € E and z, — x, we have
rn € Fysox € F. Thus F O ClE.

(iii) The complement of an open set is closed and the intersection of two
closed sets is closed, so

OE = C1EN (Int E)°

is closed.
(iv) If E is closed, then we can find an R > 0 such that E C B(0, R).
Since B(0, R) is closed, C1E C B(0, R). O

Lemma 3.3. We prove the result for m = 2. Since Cl1{2 is compact, we know
that ¢ attains a maximum at some point (xg,yo) € Cl1Q. We need to show
that it is impossible that (xg,y) € Q.

Suppose, if possible, that (xg,y0) € 2. Since 2 is open, we can find a
6 > 0 such that B((zo,y0),6) C Q. Consider the function f(y) = ¢(zo,y)
defined for y € (yo—0,yo+0). We have f twice differentiable with a maximum
at yo. Thus, by 1A analysis, f”(yo) < 0. It follows that

82

a—yf (0, y0) < 0.

The same argument applies for the partial derivatives with respect to z, so
2 82¢

V29(x0, yo) = @(1’07%) + 6—3;2(%’ Yo) <0

contradicting our hypotheses. O



Theorem 3.4. Again we prove the result for m = 2. Let ¢(z,y) = 2% + >
Since v is continuous and Cl€) is compact, we know that there exists a M
with M > ¢(x,y) for all (z,y) € C1Q. By direct calculation, V) = 4
everywhere.

Set ¢, = ¢ +n~11). Then ¢, satisfies the conditions of Lemma 3.3 with
e = 4/n. Tt follows that there is an x,, = (x,,y,) € 9 with

Gn(Xn) > Pn(t)

for all t € CI€2. Automatically,

o(x,) > o(t) — 8M/n.

Since 0N is compact, we can find an x € JQ and n(j) — oo such that
Xn(j) — X. By continuity

¢(x) = ¢(t)
for all t € CI€. O

Ezercise 3.5. The map z — |f(2)| is continuous so, by compactness, there

exists a zg = xo + iyo € CIQ with |f(20)| > |f(2)] for all z € CIQ. By

replacing f(z) by e f(z), we may assume that f(z;) is real and positive.
Write f(z + iy) = u(z,y) + iv(x,y) with v and v real. We have

u(zo,y0) = | f(20)| > [f(x +1y)| > u(z,y)

and u satisfies Laplace’s equation. Thus there exists a x; + iy; = 21 € 09
such that u(x1,y1) = u(wo, yo) and so |f(z1)] > |f(z)] for all z € CIQ. O

Lemma 3.6. Observe that, if 7 = ¢ — ¢, then 7 satisfies the conditions of
Theorem 3.4 and so attains its maximum on 0€2. But 7 = 0 on 0f2. Thus
7(x) < 0 for x = CIQ. The same argument applied to —7 shows that
—7(x) <0 for x = ClQ. Thus 7 =0 on CIQ2 and we are done. O

Ezercise 3.7. (i) If x € Q, then, setting
6 = min{][x||, T — [|x][},

we have 6 > 0 and B(x,d) C Q. Thus 2 is open.

Observe that (0,1/n) — (0,0), so 0 € CIQ. Again, if ||x|| = 1, then
(1—-1/n)x — x, so x € C1Q. Thus C1Q2 D B(0,1). Since B(0,1) is closed
ClQ = B(0,1).

Finally,

00 =ClQ\IntQ=ClQ\ Q= {xeR?: |x|| =1} U{O}.

7



(ii) Let T be a rotation with centre the origin. If ¢ = ¢T, then (using
the chain rule if you do not know the result already from applied courses)

V3 = 0.
But
o it Xl =1,
v(x) = {1 if x = 0.

Thus, by uniqueness, 1 = ¢ and so, since T was an arbitrary rotation,

o(x) = f(IIx])

for some function f: [0,1] — R.
(iii) The chain rule gives

99 _
or

2 2 2
f’(r)f and 0P _ f”(r)% + f'(r) (1 — x—)

r Ox? rooors
so, using the parallel result for derivatives with respect to y,

L

V2o = £y f e = (),

(Or we can just quote this result from applied courses.) Thus

d
ar (rf(r)) =0

sorf'(r) = B and f(r) = A+ Blogr for appropriate constants A and B.
(iv) We need f(r) - 1 asr — 0+, so B =0 and A = 1. This gives
f(1) = 1, contradicting the condition ¢(x) = 0 if ||x|| = 1. O

Lemma 4.4. Observe that f = g~'Fg is a continuous function from D to D
and so, by Theorem 4.3, has a fixed point w. Set a = g(w). O

Exercise 4.5. (i) Suppose f~1(U) is open whenever U is. If x € X, ¢ > 0,
we know that B(f(z),e€) is an open subset of Y, so f~'(B(f(z),€)) is an
open subset of X containing x. Thus we can find a 6 > 0 with B(z,0) C
F7H(B(f(z),€)). In other words,

z € B(z,0) = f(2) € B(f(z),€).

Thus f is continuous.



Conversely, if f is continuous and U open in Y, then, given x € X with
f(z) € U, we can find a 6 > 0 such that B(f(x),d) C U and an € > 0 such
that

z € B(x,0) = f(2) € B(f(z),¢).

Thus B(z,¢) C f~1(U). We have shown that f~!(U) is open.
(ii) Complementation. If f~'(F) is closed for all F' closed then
U open = Y \ U closed = X \ fH(U) = f (Y \U) closed = f~'(U) open,

so f is continuous.
The converse is proved similarly.

Lemma 4.6. 1If d(x, A) = 0, then we can find z,, € A such that d(z,,z) <
1/n, so x, — x. But A is closed, so = € A.

Let z,y € X. Given € > 0, we can find a € A such that d(z,a) <
d(z,A) + €. Now

d(y,A) < d(y,a) < d(z,y) + d(z,a) < d(z,y) + d(z, A) + €.
Since € was arbitrary,
d(y, A) < d(z,y) + d(z, A).
The same argument shows that d(x, A) < d(z,y) + d(y, A) so
|d(z, A) = d(y, A)| < d(z,y).
This shows that the map = — d(z, A) is continuous. O

Theorem 4.7. (1)= (ii) Suppose, if possible, that there exists a continuous
function g : D — 9D with g(x) = x for all x € dD. If T is a rotation
through 7 about 0, then f = T o g is a continuous function from D to itself
with no fixed points, contradicting (i).

(ii)= (i) Suppose, if possible, that f : D — D is a continuous function with
no fixed points. If we define

E={(x,y)eD* : x#y}

and u : £ — 0D by taking u(x,y) to be the point where the straight line
joining x to y in the indicated direction cuts 9D then u is continuous. (We
shall take this as geometrically obvious. The algebraic details are messy.)
Using the chain rule for continuous functions, we see that

9(x) = u(x, f(x))

defines a retraction mapping from D to 9D, contradicting (ii). O

9



Lemma 4.8. (i)=(ii) Suppose, if possible, that k exists with the properties
stated in (ii), Then, if T"is a rotation through 7, about 0, we see that f = Tok
is a continuous map from D to D without a fixed point. By Theorem 4.7
this contradicts (i). )

(ii)=(i) If £ is a continuous retract from D to dD, then it certainly satisfies
(ii).

(iii)<>(ii) We use an argument of the type used for Lemma 4.4. O
Lemma 4.9. (ii)=(i) Let h : T — 0T be continuous with h(I) C I, h(J) C J,
MK)C K. Let A=h~"(I), B=h"'(J),C = h~'(K). Since h is continuous
A, B and C are closed. Since I[UJ UK =0D, AUBUC = D. But

AnBNnC=h'Dnh Y (IH)nh (K)y=h'INJNK)=h"Y2)=0

contradicting (ii).
(i)=-(ii) Suppose that A, B and C are closed subsets of T"with A D I, B D J,
COK,AuUBUC=T,and ANBNC =@.

We consider 7' as the triangle

T={(z,y,2) €ER® :x+y+z=1,z,9, 2 >0}

(In my school days we called these ‘barycentric coordinates’.) If x € T', we
know that x lies in at most two of the sets A, B and C so (by Lemma 4.6)
at least one of d(x, A), d(x, B) and d(x, (') is non-zero. Thus

1
d(x,A) +d(x,B) +d(x,C)

h(x) = (d(x,A),d(x, B),d(x,C))
defines a continuous function h : 7" — T. If x € I, then d(x, A) = 0 and so
h(x) € I. Similarly h(J) C J and h(K) C K contradicting (i). O

Lemma 4.10. Given an edge of the grid joining vertices u and v we assign a
value E(u,v) to the edge by a rule which ensures that, if u and v have the
same colour, F(u,v) = 0, if u and v, have different colours X and Y, then
E(u,v) = ((X,Y) with {(X,Y) = —=((Y, X) and ((X,Y) = +1.

This table which follows shows that this is possible

10



colour u  colour v  E(u,v)

R R 0
R G 1
R B -1
G R -1
G G 0
G B 1
B R 1
B G -1
B B 0

If uwvw is a grid triangle then, by inspection, the sum of the edge values
(going round anticlockwise) is zero unless all of the vertices have different
colours. By considering internal cancellation, the total sum of the edge values
is the sum of the edge values going round the outer edge and this is non-
zero. Thus one of the grid triangles must have all three vertices of different
colours. O

Proof of Lemma 4.9 (ii). Suppose that A, B and C are closed subsets of T
with ADI, BDJand C DK and AUBUC =T.

Take a triangular grid formed by n equally spaced parallel lines for each
of the three sides dividing 7" into a grid of congruent triangles. Colour the
vertices red, blue or green so that all the red vertices lie in A, all the blue
vertices lie in B and all the green vertices lie in ', making sure that the
outside edges are coloured as required by Lemma 4.10.

Lemma 4.10 tells us that there is a grid triangle with vertex a,, red, so in
A, vertex b,, € B and ¢, € C. By compactness, we can find n(j) — oo and
x € T such that a, ;) — x and so b,y = X, ¢,;) = x. Since A, B and C
are closed x e ANBNC,s0 ANBNC # @& O

Theorem 5.1. Let E = {(p,1—p,q,1—¢q) : 0<p,q<1}. (Thus F is a two
dimensional square embedded in R*.)
Suppose (p,q) € E. Write

u1(p, q) = max{0, A(1,0,q) — A(p,q)}.

Thus wu; is Albert’s expected gain if, instead of choosing p when Bertha
chooses q, he chooses (1,0) and Bertha maintains her choice provided this is
positive and wuy is zero otherwise. Similarly

uz(p,q) = max{0, A(0,1,q) — A(p,q)},

11



so us is Albert’s expected gain if, instead of choosing p when Bertha chooses
q, he chooses (0, 1) and Bertha maintains her choice provided this is positive
and us is zero otherwise. In the same way, we take

v1(p, q) = max{0, B(p,1,0) — B(p,q)}.

and
v2(p,q) = max{0, B(p,0,1) — B(p,q)}.
Now define
9(p,a) = (P, d)
with
- p+u(p q)
L+ u1(p,q) + u2(p, q)
and

' qa+v(p,q)
1+ v1(p,q) + v2(p,q)
We observe that ¢ is a well defined continuous function from E into itself
and so has a fixed point (p*, q*).
We claim that (p*, q*) is a Nash stable point.
Suppose, if possible, that A((r, 1—r7), q*) > A((p*, 1—p*), q*). Without
loss of generality, we may suppose that » > p* so that

A((1,0),q") > A((p", 1 —p"),q")

and
A((0,1),q") < A((p", 1 =p"),q").

Thus u1(p*, q*) > 0 and us(p*, q*) = 0, whence p* = (1,0) and u;(p*, q*) =
0 which contradicts our earlier assertion.
We have shown that

Ap*,q") > A((p.1 - p),q")

for all 1 > p > 0. The same argument shows that

B(p*,q") > B(p",(¢.1 - q))
for all 1 > ¢ > 0 so we are done. I

Exercise 6.3. If X', y' € E' and 0 <t < 1, then
SL’; = ajxj + bj, y; = ajyj + bj

12



with x, y € E and so
ta + (1= t)y; = a(te; + (1= t)y;) + b,

for all j. But tx + (1 —t)y € E, since E is convex, so tx' + (1 —t)y’ € E'.
Thus, provided t is sufficiently small that tz; + (1 —¢) > 0 for each j,

1zﬁ(txj+(1—t)):ﬁ(1+t(xj—1))

where P is a polynomial with coefficients depending on x.
We have

0> tzn:(xj — 1)+ t*P(t)

so, provided that 0 < ¢, we have
0> (z;— 1) +tP(t).

Allowing t — 04, gives

which is the desired result. O

Theorem 6.5. The Nash conditions mean that the problem is invariant un-
der affine transformation (i.e. transformations of the type discussed in Exer-
cise 6.3). Thus we may assume that s = 0. If the hyperboloid H?:1 y; = K
touches the convex set E' at y (with y; > 0) then the transformation
T = K*I/”yj/y;k gives a hyperboloid H?lej = 1 touching a convex set
Eat (1,1,...,1).

Thus we may assume that s =0 and 2] =25 =--- =2 = 1.

By Lemma 6.4, we have

KQL:{X:ij:n},
j=1

and, by the independence of irrelevant alternatives, if x* is best for L, it
is best for K. Now L is symmetric so any best point x for L must lie on
r1 =Ty = ...= x,. But, amongst these points, only x* is Pareto optimal so
we are done. O

13



Lemma 6.6. By compactness, there is a point x* where f attains its maxi-
mum. By translation, we may suppose s = 0 and, rescaling the axes, we may
suppose x* =e = (1,1,...,1).

Lemma 6.4 tells us that

{keK :k>0Yj}C{xeK :2;>0Vjand 21 +z2+ ...+ 2, =n}.

The uniqueness of the maximum now follows from the conditions for equality
in the arithmetic geometric inequality. O

Ezercise 7.1. (i) We use induction on n to show that E is n times differen-
tiable with
E™(t) = Po(1/)E(t)

for all £ # 0 and some polynomial P,.

The result is certainly true for n = 0 with Fy = 1. If it is true for n = m,
then the standard rules for differentiation show that E( is differentiable
with

EMD () = 72P (1/t)E(t) — 263 P,,(1/t)E(t) = Ppi1(1/1)E(t)

for all ¢ # 0 and the polynomial Py, 1(s) = s*P! (s) — 253 P,,(s).
(ii) We use induction on n to show that E is n times differentiable at 0
with
E™(0) = 0.

The result is true for n = 0. If it is true for n = m, then

B (h) — EM)(0)

p =h'P(h"HE(h) =0

as h — 0, so it is true for n = m + 1.
(iii) We have

00 EM(0),
E(t);é():zat => -t
n=0 n=0
for all t # 0, as stated. O

Lemma 7.2. (1) If P and @ have degree at most n and
P(z;) = Q(z;) = f(x)

for 0 < j < n, then P — @ is a polynomial of degree at most n vanishing at
at least n + 1 points. Thus P — Q) = 0, by Exercise 2.9, so P = Q).
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(ii) We observe that e;(x;) = 1if ¢ = j, but e;(x;) = 0 otherwise and that
e; is a polynomial of degree n. Thus

for 0 <i<n.
(iii) It is easy to check that P, is a vector space. Part (ii) shows that the

e; span P,,. If
Z )‘jej = 0,
5=0

then .
)\i = Z )\jej<xi> =0
=0
for each ¢, so the the e; are linearly independent. O

Theorem 7.3. By de Moivre’s theorem,

cosnf + isinnf = (cos@ + isinh)"

n

=37 <Z> (cos )" (sin )"

r=0
n
= (=1)" < ) (cos §)" 2" (sin §)*
Oﬂzr;n 2r
n
+isind Z (=" ( ) (cos §)" 172" (sin 0)*"
0<2r<n—1 2r + 1
= Z (-1)" ( n) (cos )" (1 — (cos6)?)"
0<2r<n 2r
+isinf Z (=1)" <2r1 1) (cos 6)" %" (1 — (cos 0)?)"
0<2r<n—1

= T,,(cos ) + isin U, _1(cos ),

where T), is a polynomial of degree at most n and U,,_; a polynomial of degree
at most n — 1.

15



Taking real and imaginary parts, we obtain
T, (cos @) = cosnb

for all § and

sin nf

Up—1(cosf) =

sin 6
for sin@ # 0, U,,_1(0) = n. The roots of U,,_; and T,, can be read off directly
and show that the two polynomials have full degree.

The coefficient of t™ in T), is

> (-1)?(;) = %((1 1M+ (1-1)") =20

0<2r<n
forn>1 O

FEzercise 7.4. The key result that we use in (i) and (ii) is that, if f € C([0, 1]),
f(t)>0forall t € [0,1] and [ |f(t)]dt = 0, then f(t) =0 for all ¢ € [0, 1].
(i) Observe that

1
wm:/WﬂMﬁzo
0
and that, if || f]|; = 0, then

Au@wza

so |f(t)] =0 for all ¢, so f(t) =0 for all t and f = 0.
Further

IMle:/O \)\||f<t)|dt:|)\\/0 [F @) dt = ALl

and, since |f(t) + g(t)] < |f (&) + |g(t)], we have

||f+g||1=/0 If(t)+g(t)|dt§/0 [F@O1+ 9@l dt = 17l + llglh,

SO we have a norm.

(ii) We have X
)= [ swra=o.

If (f,f) =0, then fol f(t)2dt =0, s0 f(t)2 =0 for all ¢, so f(t) = 0 for
all t and f = 0.

16



We have

(f.g) = / F(t)g(t) dt = / g() f(t) dt = (g, )

and
(f + g, h) = / (F(t) + g(t)ht) dt
/f dt+/ g(Oh(t) dt = (£, ) + (g, h)

whilst
A\, g) = / A (£)g(t) di = / F(Dg(t) dt = (. 9),

so we have an inner product.

(iii) Observe that |f(t)| > 0,s0

[fllee = sup |f(£)] =0,

t€[0,1]

that
[fllc =0= sup [f()| =0=[f(t)|=0Vt= f=0,

t€0,1]

that

[Aflloo = sup [Af()] = sup [A[[f(2)] = [A| sup LFB)] = Al f oo
te[0,1] te[0,1]

t€[0,1
and, that, since [f(¢) + g(t)| < [f ()] + [g(2)],
If + glloc = sup |f(£) +g(t)] < sup ([f(@)]+ |g(2)])

tG[O 1] t€[0,1]

sup ([f(O)] +19(s)]) = [[flloc + [I9llocs

tsG[Ol

so we are done.
If f, is as stated, || .|l = 2f1/n ntdt =1/n, || fulleo = 1 and

1/2

I full2 = (2 / " oy dt) . (3%)/

Thus [[fullo/ 1 fulls = n = 00 and [fulli/Ifall: = (3/2)/2n1/2 = oo as
n — 0o. We have genuinely different measures of difference. O
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Theorem 7.7. Suppose that f is not uniformly continuous. Then we can find
an € > 0 and x,, y, € F such that

[%n = ynll < 1/nand [|f(xn) = f(yn)ll = e

By compactness, we can find e € E and n(j) — oo such that x,,(;) — e. The
triangle inequality tells us that y, ;) — e and so

1/ (Xni)) = F ()l < 1f &niiy) = f(@) + 1[f (ynip) — fle)]] = 0+0=0.
We have a contradiction. O

Theorem 7.8. By replacing X by Y = X—EX, we may suppose that EX = 0.
Let
0 if|t|<a
I\ (—a,a0) () = ’
R\(—aa) (1) {1 otherwise.

Then
t? I
) > a,a t
— 2 In\aa(?)
for all £, so, automatically,
X2

—3 2 Inag) (X)

and
2 2

o X
= = E— 2 Elp\(oo(X) = Pr(|X]| 2 a).

Theorem 7.9. (i) We have
pa(t) = Ef (Ya(t))

=D f/m)Pr(Xi+ Xo 4 -+ X, = )

JZ() -

(ii) Automatically,

n n n

18



and, since the X; are independent,

rX1+X2+"'+Xn
n
=n"?(var X; +var Xo + ... +var X,,)

=ntvar X, =n"t(1—-t)<nh

vary, = va = n 2 Var(X1 +Xo+ -+ Xn)

Let € > 0. By uniform continuity we can find an n > 0 such that |f(t) —
f(s)] <efor|t—s| <nmandt, s € ]0,1]. Thus, using Chebychev’s inequality,

pa(t) = FO1 = [E(f(Ya) = F (1) | S E[f(Ya) = f(1)]
< ePr([Y, —tf <n) + 2| fllee Pr(lYn — t] = n)
< €4 2| flloo Pr(|Yn — EYa| > 7)
< e+ 2| flloon™/n < 3¢,

provided only that n > e '(2||f|| + 1)n~2. Since € is arbitrary, the result
follows. O

Theorem 8.1. Without loss of generality, suppose that
fla;) — P(a;) = (—1)o for all 0 < j < n.

Suppose, if possible, that ) is a polynomial of degree n — 1 or less such that

1P = flloo > 1Q = fllo-
We look at R = P — ). Note first that R is a polynomial of degree at
most n — 1. If j is odd,

R(aj) = (P(aj) — f(ay)) + (f(a;) — Q(a;))
= |P(a;) = f(aj)| + (f(a) — Q(a;))
> [P(a;) = faj)| = 1Q = flloe = 1P = flloc = [Q = flloc > 0.

and a similar argument shows that
R((lj) <0

when j is even.
The intermediate value theorem now tells that R has at least n zeros, so
R =0 and P = @, contradicting our initial assumption. O

Theorem 8.2. If t = cos @, then

t" — Sp(t) = 21T, (t) = 2" cosnfl
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Thus
for t € [-1,1] and

for t = cosjm/n [0 < j <n].
The stated result now follows from the equiripple criterion. O

Corollary 8.5. (i) This is just a restatement of Theorem 8.2.

(ii) Let I'(n) be the statement given in (ii) with the extra condition ¢, < 1.
['(0) is true with €y = 1 by inspection.

Suppose that I, is true, that P(t) = Z"H a;t/ is a polynomial of degree
at most n + 1, and that |ag| > 1 for some n+1 >k > 0. If |api1| < €,/2,
then

P(t) = apt"™ + Q(1)

where Q(t) = " a;t/ is a polynomial of degree at most n+ 1 and |ay| > 1
for some n > k > 0. Thus

1Ploe > 1Qlloe — lansal > en/2
On the other hand, if |a,41| > €,/2, then part (i) tells us that
|P|lse > 27" e, /2 =27"¢
Thus, whatever the value of a1,
1Pl > 27" s

and T'(n + 1) holds with €,,; = 27" ¢,
The required result holds by induction. O

Theorem 8.4. By rescaling and translation, we may suppose that [a,b] =
[—1,1]. Consider the map F : R"*! — R given by F(a) = ||f — Q|| Where

n
t)=> at’.
=0
We observe that

<Z\%—b | < (n+1)[a=Dbl,

Za]t —thﬂ

|F(a) — \< Sup
[—1,1]
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so F'is continuous. Also

F(a) > sup — [[flloo
1.1

te[—1,

n
+J
E a;t
=0

so, by Corollary 8.3 (ii), we can find a K > 0 such that

a¢[-K, K|""" = F(a) > F(0).

By compactness, F' attains a minimum at some point p € [-K, K]"™!
and

P(t)=>Y p;t/
=0

is the required polynomial. O
Lemma 9.1. As in Lemma 7.2, we take

r— T
ek@):ka_;-
J

i#k

If
b n
/ P(z)de =) A;P(x))

J=0

for all polynomials of degree n or less, then, setting P = ¢, gives us

b
Ak:/ €k<x)d$7

proving uniqueness.
On the other hand, if P has degree n or less,

Q=P~) Plz)e;
=0
has degree n or less but vanishes at the n + 1 points x;. Thus @ = 0 and
P=>" Pz,
=0

whence



with

b
Aj:/ e;j(z)dx.

U
Lemma 9.2. Linear independence shows that v # 0. We have |e, 41| =
[VI=HIv] = 1. Now
(v,er) = <f — Z(f, ej>ej,ek>
j=1
= (f,er) = > _(f,e;)(ex,e;)
j=1

= <f7 ek> - <f7 ek) =0

so (ep41,€er) =0 for all 1 <k <n. O

Lemma 9.4. Suppose that p,, has k roots «; of odd order on (—1,1). If we
set Q(t) = Hle(t — «;), then p,(t)Q(t) is a continuous single signed not
everywhere zero function so

/ QP £ 0.

Thus @ has degree at least n, so k > n.
It follows that & = n and all of the roots of p, are simple lying in (—1,1).
O

Theorem 9.5. (i) By long division, Q) = p,S + T, where S and T are polyno-
mials of degree at most n — 1. Thus

/_11@(55) do = /_11 S(x)pn(x) dx + /_11 T(z)dr = /_11 T(z)dx

= Z AiT(ay) = ZAJ‘T(%‘) + Z Ajpn(a;)S(aj) = Z A;Q(ay).

(ii) Let P(x) = [[;—,(z — B;). If R is a polynomial of degree n— 1 or less,
then RP has degree at most 2n — 1, so

/ R(z)P(z)dx = Z B;R(B3;)P(5;).

1

Thus (P, R) = 0 for all polynomials of degree n — 1 or less, so P is a scalar
multiple of the nth Legendre polynomial p,, and the §; are the roots p,,. [
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Theorem 9.6. (i) Let

Then P, has degree 2n — 2, so

1 st

(ii) Taking P =1 in the formula, we obtain

1 n
2:/ Lde = A;.
_ —

1

(iii) We have

[ o =Y ay5ta)

—|[ () = P@) dz = 30y (1(a) - P<aj>)'

1

+

< / (f(2) = P()) dx

1

< [ 17@) = P@)ldr+ 3 Al f(0) = Ploy)

<2f = Plloo + Y Al = Plloo S 4If = Plloc:

j=1

(iv) Let € > 0. By Weierstrass’s theorem, we can find a polynomial P
such that ||f — P|loc < €/4. Then, if n is greater than the degree of P,
part (iii) tells us that

]/ f(@)de - Gof| <4|f - Pl <
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Lemma 10.1. 1t is a standard observation about metric spaces (X, d) that,
since d(x,y) + d(y,z) > d(x,z), we have d(y,z) > d(z,z) — d(z,y) and
similarly d(y, z) = d(z,y) > d(z,y) — d(x, z), so that

d(yvz) > |d({L‘,Z) - d(l‘,y)|

Thus, if we write f(x) = ||a — x||, we have
1f(x) = fI < lx =yl
so f is continuous and attains its minimum on the compact set E. O

Ezercise 10.2. (i) Consider n = 2,
E={(z,y) : 2> +y*=1} and e = 0.

Any point of E will do.
(ii) Suppose that E is convex, e, f € F, e # f and ||a—e| = ||a — f].

Then

e+f et f

€ F, but —a

< lla—e|.
]

Lemma 10.3. (i) Recall that, if u € R", then we can find v € F such that
|lu—vl| =d(u, F). If u € R", then

d(u', F) < [[u’ = v| < [[u’ —uf +[Ju = v| = [u’ —u| +d(u, F).
The same argument shows that d(u, F') < |[u’ — u|| + d(v’, F). Thus
|d(u, F) —d(u’, F)| < [[a’ — u]|.

and the map u — d(u, F') is continuous. By compactness, it attains its
minimum on £ and this is the required result.
(ii) Since F'is compact we can find an R such that B(0, R) D F. Let

E*=B(0,R+7(E,F)+1)NE.

Ifec E\ E*, then d(e, F) > 7(E, F) + 1.

Thus E* is compact and 7(E*, F') = 7(E, F'). The required result now
follows from (i).

(i) Letn=1, E={r+1/r : r€Z, r >2yand F ={r : r € Z, r > 2}.
We have E and F' closed and 7(E,F) = 0, but |e — f| > 0 for all e € E,
ferF. O
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FExercise 10.4. Repeat the counter-example of Exercise 10.2. Take n = 2,
E={(z,y) : 2" +y* =1}, F ={0}.
O

Ezercise 10.5. (i) follows directly from the definition. (Alternatively take
the e and f of Lemma 10.3 (i) and observe that

T(E, f) = le—f][>0)
Lemma 10.3 (i) also shows that
T<F7E) < He_fH = T<E7F>

Interchanging F and F, yields 7(E, F) < 7(F,E) so 7(E, F) = 7(F, E).

If we work with n = 1, setting £ = {0}, F' = {0, 1}, gives 7(E, F) = 0,
but E # F.

If we work with n = 1, then setting £ = {0}, F' = {0,1}, G = {1} gives
T(E,F)+7(F,G)=04+0=0, but 7(E,g) = 1. O

Ezercise 10.6. In our proof of Lemma 10.3 (i) we showed that u — d(u, F)
is continuous. It follows that it attains its maximum on the compact set

E. U

FEzercise 10.7. Since d(e, F') > 0 for all e, we have o(F, F') > 0.
Ifn=1 E = {0}, F = [0,1], then ¢(E,F) = 0, but o(F,FE) = 1, so
conditions (ii) and (iii) fail.

o(E,F)=0«<d(e,F)=0Vec EsecFYec FE< ECF.
U

Lemma 10.8. Given e € E, we can find f € F' such that ||e — f|| = d(e, F).
If g € GG, then

d(e,G) < |le — gl < |le = fl[ + [f — gl
=d(e, F)+ ||If —g|

Since g € G was arbitrary,
dle,G) <d(e,F)+d(f,G) <o(E,F)+o(F,G)

and so

o(E,G)<o(E,F)+o(F,G).
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Theorem 10.10. Observe that

p(E,F)=0(E,F)+o(F,E)>0
p(B,F)=0& o(E,F)=o(F,E)=0& ECF, FCESE=F
p(E,F)=0(E,F)+o(F,E)=0(F,E)+0o(E,F)=p(F,E)
p(E,F)+p(F,G)=0(E,F)+0(F,G)+0(G,F)+o(F,E)
>o0(E,G)+0(G,E) =p(E,G),

as desired. 0

Theorem 10.12. (i) This part may be familiar from 1B. (Indeed the reader
may well be able to supply a more sophisticated proof.) Since the intersection
of closed sets is closed and the intersection of bounded sets is bounded we
only have to show that K is non-empty.

Choose x,, € K,,. Since K; is compact and x, € K; for every n we can
find an x € K and n(j) > j such that x,;) — x (in the Euclidean metric)
as j — 00.

Automatically,

Xn(j) € Kn(j) & K € Ky

for all j > p, so, since K, is closed, x € K, for all p > 1. It follows that
x € K and K is non-empty.
(ii) Since K C K, it follows that

p(K, Kp) = sup jnf fle — kil

and, in particular that p(K, K,) is a decreasing positive sequence.

Thus if K, » K there must exist an n > 0 with
P

p(K, Ky) = 21
and there must exist k, € K, with

Ik, — k[ >n
forallk € K.

Since K is compact and k, € K for every p we can find an x € K; and
p(j) > j such that kp;y — x (in the Euclidean metric) as j — oco. As in
part (i), we know that x € K so

k() — x[| > 7.

for all 5 giving us a contradiction.
Part (ii) follows by reductio ad absurdum. O
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Lemma 10.18. If z,, € K+B(0,r), then z,, = x,+y, with x, € K, [|y.|| <.
By compactness, we can first extract a convergent subsequence x,,(;) € K and
then a convergent subsequence y,x) € B(O,r). It follows that z,(jx) =
Xn(j(k)) + Yn(jk)) converges to a point in K + B(0,7) so we are done. O

Theorem 10.11. By Lemma 1.11, it suffices to show that, if we have sequence
of non-empty compact sets with p(E,, E,+1) < 8™ for n > 1, then the
sequence converges. Set

K,=E,+ B(0,6 x8™).

Then K, is compact and p(FE,, K,) = 6 x 8 " so it is sufficient to show that
K,, converges.

To do this, we observe that K, ,; C K, and so we may apply Theo-
rem 10.12. ]

Example 11.1. Observe that, taking C' to be the contour z = € as § runs
from 0 to 27, we have

sup |f(2) — p(2)] = & /C f(2) - plz) da

z€D 2
1 1
= /Cf@)dz =

1 2w
2m | Jo

2
/ e e dﬁ‘
0

O
Example 11.3. By exactly the same computations as in Example 11.1,
1
sup [ f(2) = p(2)| = 5| | f(2) = p(2)dz| = 1.
z€T T lJc
O

FEzercise 11.9. (i) Just observe that

1_ 1 B 1 o z—w)
z_w+(z—w)_w(1+(z—w)/w)];0 wit!

for |(z —w)/w| < 1.
(ii) It is easy to check that € is open and bounded. To see that € is
connected, suppose that wq, ws € Q. Then we can find r, and 0, with
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1072 <7, < 1and —7 < 0 < 7 such that wy = rpe® [k = 1, 2]. If we define
v:[0,1] — Q by

Y(t) = ((1 = t)ry + tra) exp (i(1 — )6y + itbs),

then v gives a path from w; to ws.
Suppose, if possible, that

Mg

Z—ZO
j=0

for all z € ). Then the power series converges on some open disc D centre
2o with D D Q. Thus D D {z : |z2] < 1}. By Lemma 11.8,

Z—ZO

Mg

=0
for all z with 0 < |z] < 1. Allowing z — 0, gives a contradiction. O

Lemma 11.12. We may suppose K non-empty. Since K is compact, C \
closed and the two sets are disjoint, it follows that n = 7(K,C\ Q)/8 > 0
(ie. [k —w|>8nforal ke K, w¢Q).

Consider a grid of squares side 7. We consider the collection I' of closed
squares S lying entirely within ©Q with boundary contours C'(S). Observe
that

UC(S) O{k+u:kekK, |ul <2n}
Sel’

By Cauchy’s theorem

ziz/ fw
27Ti Ser C(S) w —

for all 2 € K such that z does not lie on the boundary of some S. By
cancelling internal sides,

=/

with the piecewise linear contours C,, [1 < m < M] lying entirely within
O\ K.

We deal with the case when z lies on the boundary of some S by erasing
any sides through z and repeating the argument with the new (non-regular)
grid. 0
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Lemma 11.13. Observe that K and Ui‘f:l C,, are compact and disjoint. [

Lemma 11.14. Consider the system in Lemma 11.12. Write
1

Z—w

g-(w) =

By Lemma 11.13, we can find an M; such that |gi(w)| < M; for all k € K,
w e U,A;I:l Cpn. Further

_ /
[w — ] < Mi|lw — 'l

! —
|9k (w) — gr(w')| = 12— wl]z — /|
Since f is continuous on the compact set U%zl Cpm, we can find an Mo
such that | f(w)| < M, for all w € JY_, C,, and, given ¢, we can find a § > 0
such that |f(w) — f(w’)| < € whenever |w — w'| < 6 and w, w' € U%zl Chn.
IfkeK,w weJY_,C,and [w—w'| < min{d, e} then

|f(w)gr(w) — f(w')gr(w)]
< |f(w)gr(w) — fw)gr(w)| + [ f(w)ge(w’) — f(w)ge(w’)
= |f(w)lgr(w) — gu(w")| + | f(w) — f(w")|]gr(w)]
< M2M12€ + Mje.

Let L be the total length of the contours C,,. Since € is arbitrary, we
have shown that, given € > 0, there exists a 5 > 0 such that

’f(iv) S| e

8L

<
w' — z

for all w, w' € Un]\le Cy, with |w —w'| < f and z € K. Thus, if we pick
O1my Q2my -5 ON(m)ms ON(m)+1,m = Q1m as points in anticlockwise order
round C,, with |a; . — api1m| < B [1 < r < N(m)], we will have

M |N(m)
Z Z f(arm) _ / f(w) dwl < ¢
1| = Z — Opm C, W—Z2

and so

for all z € K. O
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Proof of Theorem 11.11 from Lemma 11.15. We use the result and notation
of Lemma 11.14. Choose polynomials P, such that

1 €
P,(z) — <
S (N + D([A,]+ 1)
for all z € K. Then, if
N
P(z) =Y AuPu(2),
n=1

N
A, 1
FE) = PEI< |£(2) = 30 2 4 S A |Pae) — ——
n=1 n=1 n
€
< N < 2e.
S e+ Nil= €
Since € was arbitrary the result follows. O

Lemma 11.17. Since K is compact, it is bounded and we can find an R > 0
such that |z| < R/2 whenever z € K. The standard geometric series result
shows that if |a| > R

R NV B
a o a 1-(z/a) z—-«
uniformly for |z| < R/2 and so for z € K. O

Lemma 11.18. Since a@ € A(K) we know that there exists a sequence of

polynomials P, such that
1

zZ—

P.(z) —

uniformly on K. Moreover, since (by compactness) z — (z—a)~! is bounded
on K, the P, are uniformly bounded.
On the other hand,

1 1 -1 1-(8-a)
z—ﬁ—z—a—(ﬁ—a)—z—ax z—a
Since 3 5 |
—« —
z—agd(a,K)<1
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for all z € K, we know that, given € > 0, there exists an N with

for all z € K. By the first paragraph, we can find an M such that
(8 —a)

(z —a)itl (B —a) Py(z)’| <e/(2N +4)

for each 0 < j < N and so

1 N
=) (B—a)Py(z)| <e
z—p0 ,
7=0
for all z € K. We have shown that § € A(K). O

Lemma 11.19. Let a« € C\ K. By Lemma 11.17, A(K) is non-empty so
we may choose a b € A(K). Since C\ K is path connected we can find a
continuous 7 : [0, 1] — C\ K with v(0) = b, v(1) = a. The continuous image
of a compact set is compact and v([0, 1]) N K = & so (see Lemma 10.3) there
exists a § > 0 such that |y(¢) — k| > d for all k € K and all ¢t € [0, 1].

By uniform continuity, we can find an N such that

s =t S1/N = [y(t) —~(s)| < /2.

Writing x, = v(r/N), we see that xg = b € A(K) and, applying Lemma 11.18,
.1 € N(K) = z, € A(K)
for 1 <r < N. Thus a = 2 € A(K) and we are done. O
Example 11.20. Let
Q,=C\{z:zeRz>2"}

Then €2, is open and the function g, given by

9. (27" + rexp(if)) = 32 exp(3i6/2)

with r > 0, 27 > 6 > 0 is a well defined analytic function on €2,.
If

K,={2z€C: |z| <1}
\ {2 texp(27"i) +rexp(if) : r >0, 27" =27 > 0 > 27" 4 274
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then K, is compact and the function

fn(2) = gn(exp(27)2)

is analytic on an open set containing K,. Thus, by Runge’s theorem, we can
find a polynomial P, with

|Pn(z) - fn(z)| <2
for all z € K,,.
Now, if z € D, we can find an N such that z € K,, for all n > N. Thus
|Pa(z) — fu(2)| = 0

as n — oo. Similarly f,(2) — f(z) so P,(z) — f(z) for all z € D and we are
done. =

Proof of Theorem 12.1. This is probably familiar from 1A.
Suppose, if possible, that e = p/q with p and ¢ integers and ¢ > 2. Then

q
1
| | _
q'e and q.E I
r=0
are integers so
=1 1
| — =qgle — ! _
@Y Lge-g> L
r=q+1 r=0

is an integer. But

oo

q 1
0< <! —
(q+1)!_q Zr!

r=q+1
=1
S s
r=q+1
1 1 1
= — X =
g l—q¢' g¢-1

<1

and there is no integer strictly between 0 and 1. Our assumption has led to
a contradiction. Thus e is irrational. O

Proof of Lemma 12.3. 1t will be helpful to remember that

Zi_[:(nw_s): (n;r)! =n!<nj7‘)
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is an integer multiple of n!.
Observe that f, is a polynomial of degree 2n with no terms of degree
n — 1 or less. Thus

00) =0

if0<r<n—1or2n+1 <r. Further, all the coefficients of the polynomial
fn have the form U;(m) where U; is a polynomial of degree at most n with
integer coefficients. Thus, if n <r < 2n,

F0(0) = nlV, (),

where V. is a polynomial of degree at most n with integer coefficients. Com-
bining our results, we see that, if 0 < r < 2n,

F7(0) = nlv,(m),

where V. is a polynomial of degree at most n with integer coefficients
By symmetry about 7/2, or repeating our arguments,

Fm) =0
if r > 2n+ 1, whilst, if 0 <r < 2n,
F(m) = nlW, (m)

where W, is a polynomial of degree at most n with integer coefficients.
Now integration by parts gives

/O7r ™ (z) cosx dr = [f(m)(x) sinx}g — /07r O (2) sin z dx
=— /7r O gin x do
0
and
/O7r fM () sina dr = — [f)(z) cosx]g + /Oﬂ £t (1) cos x d
= nl(Vi, (1) — Wi(m)) + /7r D cos z d.
0
Thus integration by parts 2n + 1 times gives
/7r f(z)sinx dx = nlU ()
0
where U is a polynomial of degree at most n with integer coefficients. O
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Proof of Theorem 12.2 from Lemma 12.3. Suppose that m = p/q with p and
q integers and ¢ > 1. It follows from Lemma 12.3 that

n

% /0 falz)sinzdr = q" Zajﬂj = Z a;q"p) € Z.
! =

J=0

But (by school calculus or completing the square or the AM-GM inequality)
x(m — x) takes its maximum when x = 7/2 so

0 < fulz) < (7/2)™

and, since f,(z)sinz is strictly positive for 0 < x < T,

0< / falz)sinzdz < / (W/Q)Qn dp — p2ntlo—2n
0 0

Thus o 1
0<L | fo(z)sinadr < —a?lo~2gn < 1
n! Jo oy
for n sufficiently large.

However there is no integer strictly between 0 and 1. Our assumption
has led to a contradiction. Thus 7 is irrational. O

Exercise 12.5. Only if is trivial since integers are rational numbers.
To see if, observe that, if a satisfies
N

&Ozj:(]

=0 i

with p;, ¢; integers, g; # 0 for all j, py # 0, N > 1, then

N
ij Hqioﬂ =0.

j=0 i#j

O

Lemma 12.6. This was done in 1A. There are only finitely many polynomials

of the form
N
>’
=0

with n > N > 1, ay # 0 and all a; integers with |a;| < n. A polynomial has
only finitely many roots, so the set FE, of roots of such polynomials is finite
so countable. Thus E = J 7, E, is the countable union of countable sets so
countable. But E is the set of algebraic numbers, so we are done. O
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Theorem 12.7. Let
P(2) = apa™ + ap_12" ' + -+ ag.

Since a polynomial has only finitely many roots, we can find an R > 1 such
that all the roots of P lie in [-R + 1,R — 1]. If we take 0 < ¢ < 1, the
required result will be automatic for p/q ¢ [-R, R].

Now P’ is continuous, so, by compactness, there exists an M > 1 such
that |P'(t)] < M for t € [-R, R]. (We could also prove this directly.) If « is
an irrational root, p, ¢ € Z with ¢ # 0, p/q € [—R, R] and P(p/q) # 0, then
the mean value theorem yields

|P(a) — P(p/q)] < M |a — 5‘
so, since P(«a) = 0,
P(p/a)| < M |a g' |

Now ¢"P(p/q) is a non-zero integer, so |¢"P(p/q)| > 1 and

qinSM Oé—]—) )
q
that is to say
Mg < a—B’.
q

Since there are only a finite number of roots and so only a finite number
of rational roots, we know that there is a ¢’ > 0 such that

whenever « is an irrational root, p, ¢ € Z with ¢ # 0 and P(p/q) = 0.
Taking ¢ = min{M ', ¢/, 1}, we have the required result. O

Theorem 12.8. Let

1
L:z_:omn!'

We observe that L is irrational since its decimal expansion is not recurring.

If ¢, = 10™ and
=1
pm - QTTL g 1On!7
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then p,, and ¢,, are integers with ¢,, # 0.
We observe that

oo

1
2 1o

j=m+1

m

o0

1 1
= 1o Z; 100
j:

< 2
— 10(m+1)!

and, given any ¢ > 0 and any integer n > 1, we can find an m such that

Pm 2
’L_ C_I_m < 10(m+1)! < q_n
Thus Theorem 12.7 tells us that L is transcendental. 0
Fxercise 12.9. Essentially the same argument as for Theorem 12.8 tells us
that -
> i
n!
“—~ 10
with b; € {1, 2} is transcendental.
The map
6:{0,1}" =R
given by

pie)=y Ul

On!
n=0

is injective and its image (as we have just seen) consists of transcendental
numbers. Since, as we saw in 1A, the set {0,1}" is uncountable and 6 is
injective, 6(N) is uncountable and we are done. O

Theorem 13.1. We construct z; € X and d; > 0 inductively as follows.
Choose any rg € X and set §p = 1.

Suppose that z; and §; have been found. Since X \ U;;; has empty
interior, we can find an z;41 € U4y with d(zj1q,2;) < §;/4. Since Ujyq is
open we can find a 9,41 > 0 with 6;41 < §;/4 such that B(xj41,9;41) C Ujia.
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By induction, ;. < 47%4; for j,k > 0, so, if m >n >0,

m—n—1
d<$n7xm) S Z d(xn+rv~rn+r+1)
r=0
m—n—1 m—n—1

S Z 5n-i—r/ZJL S Z 5n4_7"_1 S 571/27
r=0 r=0

so the sequence x,, is Cauchy and so converges to some point a.
We observe that

d(zn,a) < d(Tp, Ty) + d(Tm, a) < 6,/2 + d(xpy,,a) = 6,/2

as m — oo. Thus
a € B(x;,0;) € U;

for all 7 > 1 and
a € n Uj.
j=1
The result is proved 0

Proof of the equivalence of Theorems 13.1 and 13.2. Set F; = X \ Uj. O

Proof of the equivalence of Theorems 13.1 and 13.3. Let x have the property
P; if and only if x ¢ U;. O

Lemma 13.5. (i) This is just a restatement of Theorem 13.2.
(ii) The countable union of countable sets is countable. O

Theorem 13.7. Suppose that (F,d) is a non-empty countable complete space
with no isolated points. Then each {e} with e € F is closed (since singletons
are always closed in metric spaces). However, since e not isolated, B(z,d) €
E for all § > 0, so {e} is not open and {e} has empty interior. Thus E
is the countable union of closed sets {e} with empty interior contradicting
Theorem 13.2. The required result follows by reductio ad absurdum. O

Corollary 13.8. Observe that R with the usual metric is complete without
isolated points. Theorem 13.7 now tells us that R is uncountable. U

Theorem 13.9. Banach’s clever idea is to consider the set E,, consisting of
all those f € C([0,1]) such that there exists an = € [0, 1] with the property

[f(x) = f(y)] < mlz -yl
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for all y € [0, 1]. Our proof falls into several parts.

(a) We show that, if f is differentiable at some point x € [0, 1], then there
exists a positive integer m such that f € E,,. It will then follow that any
g € C([0,1]) \ U,>_; Er, is nowhere differentiable.

To this end, suppose that f is differentiable at x. We can find an € > 0

such that

for all 0 < |h| < €, when z + h € [0, 1]. Thus
[f(z+h) = f(@)] < (If'(2) + D)A]
for all 0 < |h| < € when x + h € [0,1]. We thus have
[f(x) = fW)l < (1f ()] + D]z -y

for all y € [0, 1] such that |y — x| <.
The set G = {y € [0,1] : |y — x| > €} is compact so, since a continuous
function on a compact set is bounded, we can find a K > 0 with

[f(2) = fy)| < K

for all y € G. Tt follows that

f(2) = f(y)] < Ke o —y]

for all y € [0, 1] such that |y — x| > e.
If we choose m with m > | f/(z)|+1 and m > Ke !, we will have f € E,,.
(b) We now show that E,, is closed.
Suppose that f,, € E,, and || f, — f|l«c — 0. By definition, there exists an
€ [0, 1] with the property

| fn(an) = (W) < mlzn =yl

for all y € [0,1]. By the Bolzano—Weierstrass property, we can find z € [0, 1]
and n(r) — oo such that x,y — = as r — oo.
Let y € [0,1]. We have

[f(@) = F@l < 1F (@) = f(@n)| + [ (@) = Fair) (@n)]
+ 1 fney) (@ne)) = Faey @]+ [ (4) = F )]
<2f = fawllse + 1 (@) = f(Zni)| + ml2ne) =yl
— 0+ 0+ mlz —y| =mlz —y|.
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Since y was arbitrary, f € E,,.

(c¢) Next we show that E,, has a dense complement.

Suppose that f € C([0,1]) and € > 0. By Weierstrass’s theorem on
polynomial approximation (see Theorem 7.9), we can find a polynomial P
such that

If = Plle < ¢/3.

Since P is continuously differentiable, there is a K such that |P'(t)| < K for
all t € [0, 1]. By the mean value theorem, it follows that

|P(x) = Py)| < Klx -y

for all z, y € [0, 1].
Let g(t) = P(t) + (¢/3) cos 2r Nt. Automatically,

19 = fllo < 1If = Plloo + /3 <2¢/3 <€

We claim that, provided only that N is large enough, g ¢ E,,.
To see this choose r an integer with 0 < r» < N — 1 such that 0 <
x—r/N <1/N. We have

max{lg(r/N) = g(z)],[g((r + 1)/N) — g(2)|}

S lg(r/N) = g(@)| + |g((r + 1)/N) — g(=)]
= 2

S l9(r/N) = g((r + 1)/N)]|

= 2

S 2¢/3 = |P(r/N) = P((r + 1)/N)|

- 2
>¢€/3—K/N >¢€/6>4m/N.

Thus at least one of the statements
lg(r/N) — g(x)| > m|r/n —z|or [g((r+1)/N) — g(z)| > m|(r +1)/n — z|

is true for N sufficiently large (with N not depending on the choice of x).
(d) Thus |J°_, E,, is a set of first category and we are done. O

Corollary 153.10. Observe that a closed subset of a complete metric space
is complete under the inherited metric and that R is complete under the
standard metric. O

Lemma 13.11. (i) Suppose that E, € & and E, — E in the Hausdorff
metric. By definition we can find z,, € E, with B(x,,1/k) N E = {z,}.
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By Bolzano—Weierstrass, we can find n(j) — oo and = € [0,1] such that
|z, (j) — x| — 0. We observe that x € E.

Suppose, if possible, that B(xz,1/k)NE # {z}. Then we can finday € £
such that |z —y| < 1/k. Set § = (1/k — |z — y|)/2. Since E, — E and
n(j) — oo, we can find a J such that the Hausdorff distance p(£, ), E) < §
and so there exists a y' € E, ;) with [y —y| < ¢ and so with |z, —y'| < 1/k,
contrary to our hypothesis.

Thus E € &, and & is closed.

(ii) Let G € K and let € > 0. Choose an integer N > 5(e™' + &k +1). Let

F={r/N :|r/N —zx| <4/N for some z € G}.
By construction,

o(G,F)=supd(y,F) <1/N and o(F,G) =supd(y,G) < 4/N
ye@ yeF
SO
p(G,F)=0(G,F)+0o(F,G) <5/N <e¢
But, if y € G, then either y+1/N or y — 1/N (or both) lies in G, so G ¢ &.
(ili) Observe that & = U2 | &. O
Lemma 13.12. (i) Suppose that F,, € F,; and F,, — F in the Hausdorff
metric. By definition, F, D [j/k, (7 +1)/k], so F D [j/k,(j + 1)/k].
Thus Fj, is closed
(ii) Let G € K and let € > 0. Choose an integer N > 2¢~! + 1. Let

E={r/N :|r/N —z| <1/N for some z € G}.
By construction,

o(G,E) =supd(y,F) <1/N and o(E,G) =supd(y,G) < 1/N

yeG YEE
SO
p(G,E)=0(G,E)+0(E,G) <2/N <e
but E ¢ Fj .
(iii) Observe that F = ;- U?:o Fik, so F is the countable union of
closed nowhere dense sets. O

Theorem 13.13. With the notation of Lemmas 13.11 and 13.12,
K\C=EUPF.

Since the union of two first category sets is of first category, K\ C is of the
first category and so K is of second category. O
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Ezercise 13.14. (i) (This may be familiar from 1B.) Set

92ng if0<z<2 !
gn(x) =222 —g) if2 i< <2
0 otherwise.

If x # 0, then > 27™ for some m and so g,(z) = 0 for n > m. Since
gn(0) = 0 for all n, we have g, () — 0 as n — oo for all z.

However,
sup gn(t) = g(27"1) =2""" = o0
t€0,1]
as n — 0o.
(ii) Extend g, to a function on R by setting ¢, (t) = 0 for ¢ ¢ [0,1]. Set
falt) =2272,27 gn (27(t — 277)) and use (i). 0O

Theorem 13.15. Observe that

Enm =A{z « |fal)] < m} = f([=m,m])

is closed (since f,, is continuous), so
(e o]
Em = ﬂ En,m
n=1

is.

If we fix x € [0,1] for the moment, we know that f,(z) — 0 as n — oo.
In particular, we can find an N(x) such that |f,(x)] < 1 for all n > N(x).
Thus

()] < max{l, max |f.(z)}

1<j<N(2)

and so © € Ep () for some integer m(x).
The previous paragraph shows that

0.1 = B,

m=1

but Baire’s category theorem tells us that [0,1] cannot be the countable
union of closed sets with empty interior. Thus there must exist an M such
that £ has non-empty interior, so Fy; 2 (a,b) for some non-empty interval

(a,0). O
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Ezerciselj. 1.

00 _, 2
37 37’
37 . 11
26 26’
26 4
— =24+ —,
11 11
11
u_,.3
4 4
4_1+1
3 3
Thus
100_2+ 1
37 - 1
2+ !
2+ !
1+1
3

O

Lemma 14.2. (i) This is immediate.

(ii) This is a result from 1A. (The highest common factor of each pair in
the Euclidean algorithm is the same.)

(iii) We saw in 1A that the Euclidean algorithm terminates. (Or we could
repeat the 1A proof by observing that the elements of the pairs are strictly

decreasing.) m
FEzxercise 14.3. We know that 1 < V2 < 2, 80
V2=1+a
with0<a=+v2-1<1.
Now

1 1

= =V2+1=2+a

a  V2-1

so N(a) =2 and T(a) = 2+ «a. Thus v/2 has the non-terminating continued

fraction
1

1+
2+

2+
1

2
+2+...
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and cannot be rational.

Ezercise 14.4. We have
Dx = 10x — [10z] = 10z — Nz
SO
x=10""(Dz + Nz).
Since Dz € [0,1), we have
r=10""(Dz + Nz) = 107" (107" (D(Dz) + N(Dz)) + Nz)

=10"'Nz + 10°2NDz + 107 2D%x
=10"'Nz + 102NDzx + 10>ND?*z + 102D3z

We have

Pr(ND"X =k, for 1 <r <n)

= Pr (zn: k107 < X <107 + zn: kﬂO”) =107",

r=1 r=1

SO
Pr(ND*X = j) = 1/10

for 0 <7 <9 and
Pr(ND'X =k, for 1 <r<n}=10"=[[Pr(ND'X =k,),
r=1

showing that NX, NDX, ND?X, ... are independent
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Lemma 14.5. Observe that

Pr(TX < a) =Pr(n < X' <n+ a for some integer n > 1)
=Pr ((n +a)! < X <n! for some integer n > 1)

[
NE

Pr((n+a)' <X <n)

-1
" 1
/ dx
(nta)—1 11+

n—1

n=1

“lo

— gMéﬁ HM8 I

log(1 + x)}

log (n+a)~1

[e.e]

(log(1 +n~") —log(1 + (n+a)™"))

log2 ;
= 1 f: ((log(n+ 1) — logn)) — (log(l +n+a)—log(n+ a)))
log 2 —
1
= Tog2 ]\}1_{1;0 (log(N +1) —log(1 + N + a) + log(1 + a))
N+1
=—— [ log(1 lim log ——
log 2 (og( +a)+N1£100 Og1+N+a)
log(1
_log(1+a) _ Pr(X < a).
log 2
U
Corollary 14.6. By Lemma 14.5,
Pr(NT"X = j) = Pr(NX = j)
1 G+t 4
= / dx
log2 /- 1+
1 it
= |log(1 }
logQ[ og(1+) (j+1)-1
1 ‘ . 1 Jj+2
=——(1 2) —1 1)) = ——=log=——.
og (log(j +2) —log(j +1)) g2 8511
0

Lemma 15.2. (i) We use backwards induction on k. Since

_:an
Sn
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the result is true for k = n.
Suppose the result is true for m + 1 with 0 < m < n — 1. Then, by

definition,
Tm\ _ [OGm 1 Tm+1 _ GmTm+41 + Sm+1
Sm N 1 0 Sm+1 N Tm+1 7

and, by the inductive hypothesis,

N 1
am
1
Am41 =+ 1
Am4-2 =+ 1
Am+3 + 1
Q44 =+
1
An—1 + -
1
= am «l» _—
Tm—f—l/sm—l—l
Sm
fry am + +1
T'm+1
o AmTm+1 + Sm+1 o T_m
B T'm+1 B Sm .
The required result now follows.
(ii) Apply (i) repeatedly. O

Lemma 15.3. (1) This is just a restatement of Lemma 15.2 (ii).
(ii) We have

(-G 96D (7))

and
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Theorem 15.4. (i) Using Lemma 15.3 (ii), we have

PrGe—1 — Qepr_1 = det (p’“ p’“_l)
dr  qr—1

B apg 1 a; 1 R 1
—det(1 O)(l o) (1 0)
B apg 1 a; 1 ap 1
—det(1 O)det(1 O) det<1 O)

— (_1)k+1.

(ii) Either use the matricial formula

Pk Pr-1) _ (Prk—1 DPr—2) (ax 1
Ak Qi1 k-1 Qr—2 1 0

or direct computation.

(iii) Follows from the formula of (i).

(iv) By (ii) (or direct observation), the g, form a strictly increasing se-
quence of strictly positive integers. Thus the ¢;_1q form a strictly increasing
sequence of strictly positive integers.

The formula of (i) gives

Pk Pe—1 _ -1 kH#’
dr Gk Ak qr—1
so the remark of the previous paragraph shows that
Pe  Prt
dr Gk

is an alternating sequence with decreasing magnitude. Thus

2k 2k—2 2k—1 2k+1
D2k < p ’ p < Dok .
q2k q2k—2 q2k—1 q2k+1

We also have

- 1
De Phot) — 0.
k. dk—1 rk—1
(v) A decreasing sequence bounded below tends to a limit, so
P2k+1
Q2k+1
as k — oo for some a. Since
Pk Prk—1 -0
k. dk—1
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this tells us that
D2k

— S a
2k
as k — oo. Thus
b
an
and » »
2L > 2R
q2k+1 2k
O
Ezercise 15.5. Observe that if a > 0
1
s>t>0= > :
a+t a+s
Thus (using a formal induction if more details are required)
Dok o g < B2E2L
2k 42k—1
We know from Theorem 15.4 (v) that
P,
an
SO o = . 0

Theorem 15.6. Observe that if ¢ and u are postive integers with ¢ < g,, then

E . pn+1
q Gn+1

1
>
qqn+1

)

with equality only if ¢ = ¢, and, in this case, only if u = p,,. Thus p,/q, is
the closest fraction of the form w/q (with ¢ < ¢,) t0 ppi1/gni1- But « lies
between py,/q, and p,11/Gn+1, SO Pn/ Gy is also the closest fraction of the form

u/q (with ¢ < ¢,) to a. O
Ezercise 15.8. Theorem 12.7 with n = 2. O
Proof. (i) Observe that
1
o =
1+0
so that
cl+o—-1=0



and
_—1+45

o
2

Since ¢ > 0, we must have

—1++5
—

(ii) By Theorem 15.4 (iii), g» = arqr—1 + qu—2 and py = arPr—1 + Pr—2
with a; = 1. Thus

Gk = Qr—1 + Q-2 and pp = pr—1 + Pp—2.
Now qo =1=F, 1 =1=F5, po = 0= Fy, pr = 1= Fy, so by an inductive
argument (or general knowledge of recurrence relations),

Gn = Fhy1 and p, = F},.

(iii) By Theorem 15.4 (i),

Fn+1Fn—1 - FS = _(pn—lqn - qn—lpn) = (_1)n+1'

O

FEzercise 15.10. By Theorem 15.6 F,,/F,, 11 is closer to ¢ than any other frac-
tion with denominator no larger than F},;;. Thus

oz )
— — 0| > max — 0o, —0
q Fn+1 Fn+2
1 F, F
()
2 \|Fop Fiio
1 Fn FnJrl
21 Fape
B 1
2Fn+1Fn+2

whenever ¢ < F}, and so whenever F,,_; < q¢ < F,,.
Now F,. < 2F,._4 so

]—j—a> 1 1 1

> >
‘q - 2Fn+1Fn+2 - 64F371 - 64q2

whenever F,,_; < q < F, for all n > 2 and the result follows.
There are lots of ways of proving this result, many of which give better
bounds but this proof is intended to provide a model for Exercise 21.10. O
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Ezercise 15.11. Observe that F5 = 5, Fy = 8, F7 = 13 so the difference in
areas is 1 so we only need to hide one unit of area.
Identify the Fibonacci numbers in the diagram and generalise. O

Lemma 16.2. (i) The proof follows the lines of that of Lemma 15.2.
Observe that, if s, r #£ 0,

0-690)-¢)

and

Thus, by induction, if
n\ _ [ Qo bo ai b ap—1 bp_q (075
/) \1 0 1 0)° " 1 0 1)’

n b
Pn ot 0
qn bl

a; + b
2

then

ag +

as +
a4 +

Observe that
ag bo\ (a1 b ap-1 bp—1) (1
1 0 1 0)° 1 0 0
— ap bO Ap—2 bn72 Ap—1 _ Pn—1
1 0) 1 0 1 Qn—1
Pn bnpn—l o Qo bo aq b1 Ay, bn
G bngn—1)  \1 0O 1 o) \1 0)°

We deduce that

n bnpn—l — Prn—1 bn—lpn—Q ap bn
An annfl Qn—1 bnqqn,z 1 0 '
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Looking at the first column gives

Pn = QpPr—1 + bnflpnf%
Gn = QnQn-1 + bn—lQn—Qa

as required. O

Lemma 16.5. We have

So(z) = / costdt = sinx,
0
so po(z) =0, go(x) = 1. Integration by parts gives

Si(x) = %/0 (2% — t*) cost dt

1 x x T
= {—(azQ—tQ)sint] +/ tsintdt:/ tsint dt
2 0 0 0

xT
= [—tcost]g+/ tcostdt = —xcosx +sinx
0

sopi(x) =z, q1(z) = 1.
If n > 2, a similar repeated integration by parts gives

1 T
Sn(z) = / (2% — t*)" cost dt
2mnl /o
= 1 (1‘2 - t2)n sint ' -+ ; /xt(xZ _ t2)n—1 sint dt
2"n! o 27 M n—1)! J
1 T
2n71(n_ 1)'/0 (ZL‘ ) Sin
1 2 42\n—1 @
RIS [—t(x® — £*)" " cost];
1 T
T m/ ((@® =) = 2(n — 1)t*(2® —¢*)" %) cost dt
n—1(p _
= Sp1(T) = 5= / —t%)""2) cost dt
2 2 n — | 0 )
=5,_ 2 y2yn—2 tdt
1(x) + 2"2n—2'/0 (x )" %) cos

_ xQ/ (2* —t*)" 2 costdt
=(2n —1)S,_1(z) — 225, _s(x).
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Thus

pn<l’) = (2n - 1)pn,1<l’) - x2pn,2(x),
@n(z) = (2n — 1)gn_1 () — 2qn_2(2)

and we are done. O

Theorem 16.1. Since
Sp(z) = gn(x) sinz — p,(x) cos z,

rearrangement gives

pn(T) i Sy ()

t —
ane () qu(x)cosx

so we need to show that

Sn()
qn(T) cos

It is easy to see that

|Sn(2)] <

21|

/ (2% — t*)" cost dt
0

2|z — 0

<
— 2npl

as n — oo for all z.
We shall show that if |z| < 1 then ¢, (x) — oco. (Actually it can be shown
that |g,(x)| — oo for all z.) Observe that

qn(z) = (2n — 1)gy—1(x) — xQQn—Z(x)

so, if |z| < 1,

qn(z) = (2n = 1)gn1(2) — gn—2(7) > 3¢n—1(2) — Gn—2()

for n > 2. Since gy(z) = ¢1(z) = 1 we have ¢2(x) > 2 and a simple induction
gives gu(x) > 2" 1 forn > 1 and |z| < 1.

Notice the rapidity of convergence of the continued fraction in this case.

O

Theorem 17.1. We prove existence, leaving uniqueness to follow from Exer-
cise 17.2. Let E be the set of u € [0, 1] for which there exists a continuous
function 6 : [0,u] — R with 6(0) = 6, such that g(t) = €® for all t € [0, u].
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Since 0 € E (just take 6(0) = 6y) and E is bounded, £ must have an upper
bound w.

Suppose that w € (0,1). Since g is continuous, we can find a § > 0 such
that (w—2d,w+20) C [0,1] and |g(t) — g(w)| < 1/2 for t € (w — 26, w + 26)
We know that there is a unique continuous function

d:{z:|z—1<1/2, |2| =1} = [-7/2,7/2]
such that A
z=¢%® forall |z — 1| < 1/2, |2| = 1.

Thus, if we choose 6; such that e = g(w) and define 0 : (w — 26, w + 28) —
[_71—/27 7T/2] by B
0(t) = 01 + d(g(t)/9(w))

we will have @ continuous and
g(t) = e

for t € (w — 26, w + 29).

By the definition of an upper bound, we can find u € (w — d,w] and a
continuous function 1 : [0,u] — R with 1(0) = 6 such that g(t) = ¢*® for
all t € [0,u]. Since

we must have 0(u) = ¢ (u) + 2N 7 for some integer N. Taking
o(t) = Y(t) for t € [0, u
1 6(t) —2Nx for t € [u,u + 4]

we see that 6 : [0,u + d] — R is a continuous function with 6(0) = 6y such
that g(t) = €® for all t € [0,u +d]. Thus u+6 € F and u+6 > w,
contradicting our assumption that u is an upper bound.

A similar argument show that 0 is not an upper bound. Thus sup £ =1
and much the same argument as above shows that 1 € F, so we are done. [

FEzercise 17.2. Observe that f : [0,1] — R defined by

P(t) = o(t)
t) =
fly ="
is an integer valued continuous function on [0, 1] and so must be constant.
(Or quote the intermediate value theorem directly.) O
Corollary 17.3. Set g(t) = v(t)/|v(t)| and use Theorem 17.1. O
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FEzercise 17.5. (i) Since

[7(0)]e”? = 7(0) = 7(1) = [y(1)]”™) = [7(0)]e”™,

we have () = () 50 §(1) — 0(0) is an integer multiple of 27.
(ii) If we take y(t) = exp(irt), we get w(~,0) =7 [r € Z] O

Lemma 17.6. By Corollary 17.3, we can write

Y5 (t) = [ ()| exp (i6;(t))
with 6; : [0, 1] — R continuous. We now have
Y (t)72(t) = [ (t)| exp (i1 (1)) |72(t)| exp (i62(t))
= [n(t)r2(t)] exp (i(61(t) + (1)),

so that

- % ((6:(1) + 6:(1)) — (6:(0) + 6:(0))

Lemma 17.7. This argument may be familiar from 1B complex variable.
Write v(t) = (1 +72(¢)/7(t)). By Lemma 17.6,

w<71 + Y2, 0) = w(’ylf% 0) = w<717 0) + w(77 0)7

so it suffices to prove that w(v,0) = 0. We shall do this by noting that
[72(t) /1 (t)] < 1 and so
Ry(t) >0

for all ¢ € [0, 1].
By Corollary 17.3, we can write

Y(t) = |y(t)| exp (i6(t))

with 6 : [0,1] — R continuous and 0(0) € (—n/2,7/2). If |6(¢t)] > /2
for any t € [0, 1], the intermediate value theorem tells us that there is an
s € [0, t] such that |0(s)| = /2 and so Ry(s) = 0, which is impossible. Thus
|0(t)| < m/2 for all t € [0, 1].

In particular |6(0)[, 0(1)| < /2, so |#(1) — 6(0)| < 7. Tt follows that
w(,0) is an integer with |w(v,0)| < 1/2 and so w(y,0) = 0. O
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Exercise 17.9. Setting
P(57 t) = ’Y(t)v

we see that v o~ .
If o ~ 71, then we can find a continuous function T : [0,1]*> — C\ {0}
such that

['(s,0) =T(s,1) for all s € [0, 1],
['(0,t) = vo(t) for all ¢ € [0, 1],
T(1,t) = y(t) for all ¢t € [0, 1].

If we set T'(s,t) = I'(1 — s,t), then T : [0,1]> — C \ {0} is a continuous
function such that
(s O) =1'(s,1) for all s € [0, 1],
71(t) for all ¢ € [0, 1],
f(l t) = (1) for all t € [0, 1],
and so v ~ Y.

If 70 ~ 71 and 71 ~ 79, then we can find a continuous functions I'; :
[0,1]2 — C\ {0} such that

[i(s,0)=T(s,1) for all s € [0, 1],

I';(0, t) = Yo44(1) for all ¢ € [0, 1],

Li(1,t) = 144(t) for all ¢ € [0, 1]
for j =0, 1.
If we set

P(s.t) To(2s,t) for all s € [0,1/2], ¢ € [0,1]
|25 —1,t) forall s € (1/2,1],t € [0,1]

then I': [0,1]2 — C\ {0} is a continuous function such that

I'(s,0) = I'(s,1) for all s € [0, 1],
(0,t) = vo(t) for all ¢ € [0, 1],
D(1,t) = 7(t) for all ¢ € [0, 1],

=

and so vy >~ Y. U
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Theorem 17.10. Let I" be as in Definition 17.8. The map (s,t) — |I'(s, )] is
continuous so, by compactness, |I'(s, t)| attains a minimum m on the compact
set [0,1]%. Since I is never zero, we must have m > 0.

By compactness (see Theorem 7.7 if necessary), I' is uniformly continuous
and so we can find a strictly positive integer N such that

|s = §'|, [t —t'| <2/N = |T(s,t) — T(s,t')] <m/2.
If 0 <r < N let us define
Br(t) = T(r/N,1)
for ¢ € [0,1]. We observe that
|8:(t)] = [T(r/N,t)| > m > m)/2

> [D(r/N,t) =T((r + 1)/N,t)| = [B:(t) = Brya(t)]

for all t € [0, 1], so by the dog walking lemma (Lemma 17.7),
w(Br,0) = w(fr41,0)

forall 0 <r < N —1. It follows that

’lU(’}/(], 0) = w(ﬁ(]u O) = w(ﬁNu O) = w(717 O)

U

Corollary 17.11. Suppose, if possible, that f(z) # 0 for z € D. The nowhere-
zero function G : [0,1]* — C given by

G(s,t) = f(se*™)

is continuous with G(s,0) = G(s,1) for all s € [0,1], G(1,t) = ~(t) and
G(0,t) = 70(t) where vy(t) = f(0) for all ¢ € [0,1]. Thus v and ~, are
homotopic closed curves not passing through 0. By Theorem 17.10, w(+y,0) =
w(70,0) = 0 contradicting our hypothesis. O

Corollary 17.12. 1t is sufficient to consider polynomials P of the form

P(z) =2"+Q(z)
with Q(z) = Z;':ol ajzl. If weset R =1+ Z;:& laj| and consider p(z) =
R™"p(Rz) we see that P has a root if p has root and that

p(z) = 2" +q(2)

with |¢(2)| < 1 when |z| = 1.

By the dog walking lemma, the map t — p(e2™) for ¢ € [0, 1] has the same
winding number as t + (e2™)" = ¥ that is to say, n. By Corollary 17.11,
there must exist a z € D with p(z) = 0, so we are done. O
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Corollary 17.13. Suppose such a function existed. The continuous map G :
[0,1]> — 0D given by A
G(s,t) = f(se*™)

gives a homotopy between vy defined by ~o(t) = f(0) and ~; defined by
y(t) = f(t) = €* using closed curves not passing through 0. By Theo-

rem 17.10, this gives
1= w(’ylv O) = w(’YOv O) = 07

which is absurd.
The required result follows by reductio ad absurdum. O
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“You are old, Father William’ the young man said,
And your hair has become very white;

And yet you incessantly stand on your head

Do you think, at your age, it is right?’

‘In my youth’ Father William replied to his son,
‘I feared it might injure the brain;

But, now that I'm perfectly sure I have none,
Why, I do it again and again.’

“You are old’ said the youth ‘as I mentioned before,
And have grown most uncommonly fat;

Yet you turned a back-somersault in at the door
Pray, what is the reason of that?’

‘In my youth’ said the sage, as he shook his grey locks,
‘I kept all my limbs very supple

By the use of this ointment one shilling the box
Allow me to sell you a couple?’

“You are old’ said the youth ‘and your jaws are too weak
For anything tougher than suet;

Yet you finished the goose, with the bones and the beak
Pray how did you manage to do it?’

‘In my youth’ said his father ‘I took to the law,

And argued each case with my wife;

And the muscular strength, which it gave to my jaw,
Has lasted the rest of my life.’

“You are old’ said the youth ‘one would hardly suppose
That your eye was as steady as ever;

Yet you balanced an eel on the end of your nose

What made you so awfully clever?’

‘I have answered three questions, and that is enough’
Said his father; ‘don’t give yourself airs!

Do you think I can listen all day to such stuff?

Be off, or I'll kick you down stairs!’

Lewis Carroll
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