
Representation Theory Sheet 4

4.1 Question

Show that any continuous group homomorphismsφ : U(1) → C× lands in the subgroupU(1) of unit norm
complex numbers. Moreover, show that: eitherφ ≡ 1, or elseker φ is a cyclic subgroup of roots of unity.

4.2 Question

Let G = SU2 and letVn be its irreducible(n + 1)-dimensional representation. (SoV0 = 1). Decompose the
following representations into irreducibles:

(a)V2 ⊗ V4 b) V3 ⊗ V4 (c) Sym2V3 (d) Λ2V3 (e)V ⊗n
1 (f) SymnV1 (g) Sym3V2.

4.3 Question

Check that the usual formula for integrating functions defined onS3 ⊆ R4 defines anSU2 invariant inner product

onSU2 = {
(

a b
−b̄ ā

)
| aā + bb̄ = 1}, and normalize it so that the integral over the group is one.

4.4 Question

Let G = SU2, andχn be the character of the irreducible representationVn. Show that∫
S1

K(z)χnχmdz = δnm,

whereK(z) = 1
2 (z − z−1)(z−1 − z).

[ Note that all you need to know about integrating on the circle is orthogonality of characters:
∫

S1 zndz = δn,0.
This is really a question about Laurent polynomials!]

4.5 Question

Let G = SU2. Show thatVn'V ∗
n .

4.6 Question

(a) LetG be a compact group. Show that there is a group homomorphismρ : G → On(R) if and only if G has an
n dimensional representation overR.
(b) Explicitly construct such a representationρ : SU2 → SO3(R) by showing thatSU2 act on the vector space of
matrices of the form

{A =
(

a b
c −a

)
∈ Mat2(C) | A + A

T
= 0}

by conjugation. Show that this subspace is isomorphic toR3, that (A,B) 7→ −tr(AB) is a positive definite
non-degenerate invariant bilinear form, and thatρ is surjective with kernelZ/2.

4.7 Question

Let H denote the quaternions. Show that the map

SU2 → H,

(
a b
−b̄ ā

)
7→ a + bj

defines a group homomorphism, which identifiesSU2 with the quaternions of unit norm.



4.8 Question

Let G = {
(

a b
0 1

)
| a ∈ F ∗p , b ∈ Fp}, with multiplication given by matrix multiplication.

i) Determine the conjugacy classes inG.
ii) G hasFp as a normal subgroupN , andF ∗p is its quotient. Use this to producep− 1 one dimensional represen-
tations ofG.
iii) Let φ : Fp → C∗ be a non-trivial group homomorphism,φ(x+y) = φ(x)φ(y). This defines a one dimensional
representation ofN . DecomposeIndG

Nφ into irreducibles. How does this depend onφ?
iv) Determine the character table ofG.

4.9 Question

TheHeisenberg groupis the group

H =


1 a c

1 b
1

 | a, b, c ∈ Fp

 .

(a) Determine the conjugacy classes inH.
(b) Determine the center ofH, and the quotientH/ZH of H by its center.
(c) Let M be the subset ofH given by matrices such thatb = 0, and letφ : Fp → C∗ be a non-trivial group

homomorphism. Show thatM is a subgroup, and that the mapM → C∗,

1 a c
1 0

1

 7→ φ(c) is a group

homomorphism, and hence determines a one dimensional representationφ̃ of M .
Determine the character ofIndH

M φ̃, and show it is an irreducible representation.
(d) Write the character table forH.
Hint: You will findp2 1-dimensional representations, and(p− 1) of dimensionp.

4.10 Question

Let B be the invertible upper triangularn by n matrices overFp, andU the upper triangular matrices with1’s on
the diagonal.
i) Show thatU is nilpotent, and determine its central series.
ii) Show thatB is solvable, and determine its derived series.
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