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. Find the minimum polynomials over Q of (1 +i)v/3,i 4+ v/3,i + /3.
. Find the field polynomials of 4 and v/5 in Q(i + v/5).

. By the symmetric function theorem, or otherwise, prove that any zero of a monic

polynomial p(x) with algebraic integer coefficients is an algebraic integer.

. Which of the following are algebraic integers?

1/2, (V3 +V5)/2, (V3 +VT7)/V2, (1 + V10 + V100)/3.

. Let K = Q(a), where o = v/2. Calculate the relative norm Ny, (o) where k =

Q(v/2). Compute Ngi(a+a?) and also the relative traces T i («) and T, (a+a?).

. Explain why the equation

211 = (5+V3)(5 - V3)
is not inconsistent with the fact that Q(1/3) has unique factorisation.

Find equations to show that Q(v/d) does not have unique factorisation for d =
~10,-13, —14 and —15.

. Using unique factorisation in Z[i], show that, if a prime number p divides 22 + 3

for some x,y € Z with (z,y) = 1, then there exist a,b € Z such that p = a? + b%.

. We know that the kernel of the map ‘evaluation at i’ given by Z[X] — Z[i], that is

g(X) — g(i), is Z|X]N(X?*+1)Q[X]. Show that in fact the kernel is (X2—|—1)Z[ ] and
deduce that the above map induces an isomorphism of rings Z[X]/(X* 4+ 1) — Z[i].

Show that, if 7 is a prime (ie. an irreducible element) of Z[i], then Z[i]/7Z][i] is a
finite field with N(7) = 77 elements.

Let K be a field with characteristic # 2. Show that every extension L/K of degree
2 is of the form L, = K(y/a) with a € K*, a ¢ K**>. Show further that L, =
Ly if and only if a/b € K*2.

Show that, for a,b € Q*, the degree of Q(y/a,v/d) is equal to the order of the

subgroup of Q*/Q*? generated by a, b. Determine whether the field Q(v/2 + v/2) is
of the form Q(y/a, vb) with a,b € Q.
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(Tripos 96) Let G denote the Galois group of & = Q(v/2,v/7) over Q. You may
assume that G = {1, «, 5, o}, where

a(V2) =v2, a(V7)=—V7, B(V2) = V2, B(VT)=VT.

By considering the relative traces  + o (), where o runs through the elements of G
other than the identity, show that the algebraic integers in k have the form

0:%(a+b\/7+0\/§+d\/ﬂ),

where a, b, ¢, d are rational integers.
By computing the relative norm 6o (), where o takes V2 to —v/2, or otherwise,
show that a and b are even and that ¢ = d(mod 2). Hence prove that an integral

basis for k is 1,v/2,V/7, %(\/ﬁ—l— \/ﬂ)

Let K C L be number fields. Show that, for a € Oy, the trace and norm 17k (),
Npk(a) are in Og. Let now L = Q(V3,V5). For 0 = a+b\/3 +cV/5+dV15 € L
compute 17, (0), Np/k,(0) for the three quadratic subfields K; = Q(y/j) with
j =3,5,15. Hence find Oy,

What is the Galois group of the field Q(,/p, \/q) where p, q are distinct primes?
Find an integral basis for the field Q(\/Z \/5) Calculate the discriminant of the
field.

(Tripos 97) Prove that, if £ = Q(«) is an algebraic number field with degree n and
if the discriminant A(1, o, ...,a™ 1) is square-free, then 1,q;,...,a™ ! is an integral
basis for k.

Show that the zeros «, 3,7 of the polynomial 23 — z — 1 satisfy

ala—B)(a—7v) =2a+ 3.

By computing the field norms on either side, or otherwise, verify that 1, o, @? is an
integral basis for Q(«).

(Tripos 98) Explain what is meant by an integral basis of an algebraic number field.
Specify such a basis for the quadratic field k = Q(v/2).

Let K be the quartic field Q(a) with o = v/2. By computing the relative traces
Tk/,(0) and Tx i (ab), show that the algebraic integers in K have the form

0 = a+ ba + ca’ + da?,

where 2a, 2b, 2c and 4d are rational integers. By further computing the relative norm
Nik/(0), show that the expressions

a®+2¢> — 4bd and 2ac — b* — 2d>
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are rational integers. Deduce that 1, o, o, o® is an integral basis for K.

(Tripos 99) Let K/Q be a finite extension of degree n, and let oy, . . ., a,, be algebraic
integers in K such that the discriminant D(ayq,...,q,) is a square-free non-zero
integer. Show that aq,...,a, is an integral basis of K, i.e. O = Zay + - - - + Zay,
where Ok is the ring of integers of K.

Show that the discriminant of the polynomial X? + aX + b is equal to —4a® — 27b.
Let o be a root of the polynomial X? + X + 1. Show that the ring of algebraic
integers in K = Q(«) is equal to Z|a/.
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(Tripos 00 - adapted) Let K = Q(8) where § = v/d for a square-free integer d # 0,
+1. Show that A(1,6,§%) = —27d?. By calculating the traces of «, ad, ad?, where
a = u+ vd + wd? is the general element of K with w, v, w rational, show that the
ring of algebraic integers Ok of K satisfies

Z|Vd) C O C ZZ[Vd).
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(Tripos 01) Let K = Q(«) be a number field, where o € Og. Let f be the
(normalized) minimal polynomial of o over Q. Show that the discriminant disc(f)
of f is equal to (O : Z[a])? Dy-.

Show that f(z) = x® + 52? — 19 is irreducible over Q. Determine disc(f) and the
ring of algebraic integers Ok of K = Q(«a), where o € C is a root of f.

(Tripos 02) Explain what is meant by an integral basis w1, .. .,w, of a number field
K. Give an expression for the discriminant of K in terms of the traces of the w;w;.

Let K = Q(i,v/2). By computing the traces Tk/k(6), where k runs through the
three quadratic subfields of K, show that the algebraic integers 6 in K have the
form %(a—l—ﬁx/ﬁ), where a = a+1ib and 3 = ¢+ id are Gaussian integers. By further
computing the norm Nk x(0), where k = Q(v/2), show that a and b are even and
that ¢ = d(mod 2). Hence prove that an integral basis for K is 1, 4, v/2, 1(1414)v/2.

Calculate the discriminant of K.



