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1. (1) Explain why the equations

2 · 11 = (5 +
√
3)(5−

√
3)

and

(2 +
√
7)(3− 2

√
7) = (5− 2

√
7)(18 + 7

√
7)

are not inconsistent with the fact that Z[
√
3] and Z[

√
7] have unique fac-

torisation.
(2) Find equations to show that Z[

√
d] is not a UFD for d = −10,−13,−14.

2. Let K be a number field, and let I, J ⊂ OK be non-zero ideals.

(1) Determine the factorisations into prime ideals of I + J and I ∩ J in terms
of those for I and J . Show that if I + J = OK then I ∩ J = IJ and there
is an isomorphism of rings OK/IJ ∼= OK/I ×OK/J .

(2) Show that I can be generated by at most 2 elements.
(3) Let ϕ(I) = |(OK/I)

×|. Show that

ϕ(I) = N(I)
∏
P |I

(
1− 1

N(P )

)
,

where the product is over the set of prime ideals P dividing I.

3. Let K be a number field, and let I = ⟨x1, x2, . . . , xk⟩ be the ideal of OK

generated by x1, . . . , xk. Show that N(I) divides gcd(N(x1), . . . ,N(xk)). Do we
always have N(I) = gcd(N(x1), . . . ,N(xk))?

4. Let K = Q(
√
−5). Show by computing norms, or otherwise, that P = ⟨2, 1 +√

−5⟩, Q1 = ⟨7, 3 +
√
−5⟩ and Q2 = ⟨7, 3−

√
−5⟩ are prime ideals in OK . Which

(if any) of the ideals P,Q1, Q2, P
2, PQ1, PQ2 and Q1Q2 are principal? Factor the

principal ideal ⟨9 + 11
√
−5⟩ as a product of prime ideals.

5. Let K be a number field, and let I ⊂ OK be a non-zero ideal. Let m be the
least positive integer in I. Prove that m and N(I) have the same prime factors.

6. Let K = Q(
√
35) and ω = 5 +

√
35. Verify the ideal equations ⟨2⟩ = ⟨2, ω⟩2,

⟨5⟩ = ⟨5, ω⟩2 and ⟨ω⟩ = ⟨2, ω⟩⟨5, ω⟩. Show that the ideal class group of K contains
an element of order 2. Find all ideals of norm dividing 100 and determine which
are principal.

7. LetK = Q(
√
−m) wherem > 1 is a square-free integer. Establish the following

facts about the factorisation of principal ideals in OK :

(1) If m is composite and p is an odd prime divisor of m then ⟨p⟩ = P 2 where
P is not principal.

(2) If m ≡ 1 or 2(mod 4) then ⟨2⟩ = P 2 where P is not principal unless m = 1
or 2.

(3) If m ≡ 7(mod 8) then ⟨2⟩ = PP ′ where P ̸= P ′ and P , P ′ are not principal
unless m = 7.

Deduce that if the ideal class group of K is trivial then either m = 1, 2 or 7, or
m is prime and m ≡ 3(mod 8).



8. Let K = Q(
√
−m) where m > 1 is the product of distinct primes p1, . . . , pk.

Show that ⟨pi⟩ = P 2
i where Pi = ⟨pi,

√
−m⟩. Show that just two of the ideals∏

P ri
i with ri ∈ {0, 1} are principal. Deduce that the class group Cl(OK) contains

a subgroup isomorphic to (Z/2Z)k−1.

9. Let K = Q(θ) where θ is a root of X3− 4X+7. Determine the ring of integers
and discriminant of K. Determine the factorisation into prime ideals of pOK for
p = 2, 3, 5, 7, 11. Find all non-zero ideals I of OK with N(I) ≤ 11.

10. LetK = Q(α) where α is a root of f(X) = X3+X2−2X+8. [This polynomial
is irreducible over Q and has discriminant −4× 503.]

(1) Show that β = 4/α ∈ OK and β ̸∈ Z[α]. Deduce that OK = Z[α, β].
(2) Show that there is an isomorphism of rings OK/2OK

∼= F2 × F2 × F2.
Deduce that 2 splits completely in K.

(3) Use Dedekind’s criterion to show that OK ̸= Z[θ] for any θ.

11. Let f(X) ∈ Z[X] be a monic, irreducible polynomial, and let K = Q(θ),
where θ is a root of f(X).

(1) Show that if p is a prime and r ∈ Z is such that p ∤ disc f and f(r) ≡ 0
(mod p), then there is a ring homomorphism OK → Fp which sends θ to r
(mod p).

(2) Suppose that f(X) = X3 −X − 1. Show that θ is not a square in K.
(3) Suppose instead that f(X) = X5 + 2X − 2. Show that the equation

x4 + y4 + z4 = θ has no solutions with x, y, z ∈ OK .

12. Let K be a number field, and let p ∈ Z be a prime. Let ⟨p⟩ = P e1
1 · · ·P er

r ,
where each Pi is a non-zero prime ideal with N(Pi) = pfi .

(1) Let α ∈ I = P1 · · ·Pr. Show that TrK|Q(α) ≡ 0 (mod p).
(2) Let (θi) be an integral basis for K, and (αi) a basis for I. By considering

the matrix TrK|Q(αiθj), show that dK is divisible by
∏

p(ei−1)fi .


