
NUMBER FIELDS, EXX. SHEET 2N. I. SHEPHERD-BARRON(1*) Whi
h of the following are algebrai
 integers: cos 2π/n; (i +
√

5)/2; (1 +
101/3 + 102/3)/3.(2) If p is an odd prime, �nd the minimal polynomial of cos 2π/p.(3*) Suppose that d 6= 0, 1 is a square-free integer. Cal
ulate the dis
riminantand ring of integers of the quadrati
 �eld Q(

√
d).(4) Show that a ring of integers OK is a PID if and only if it is a UFD.(5*) Cal
ulate the 
lass group of the quadrati
 �elds Q(

√
d), where d is a square-free integer between ±15. (Of 
ourse, this is about 20 separate questions.)1(6) Show that OK = Z[(1 +

√
−19)/2] is a PID, but is not Eu
lidean. (Re
allfrom GRM that the point of the Eu
lidean property is that Eu
lidean impliesPID. But the natural way of proving that this ring is a PID is to use the ideas ofthis 
ourse.) 2(7*) Suppose that K is a number �eld of degree n, with r real embeddings and s
onjugage pairs of 
omplex embeddings. Show that the group of units in OK is�nitely generated of rank at most r+s−1, and state an exa
t result. [Any resultsabout latti
es that you need may be assumed without proof, but they must bestated 
learly.℄(8*) Show that 8 + 3

√
7 is a fundamental unit in the �eld Q(

√
7). In terms ofthis unit, des
ribe all integer solutions to the equation x2 − 7y2 = 2.(9) (i) Show that f := X3 − 3X + 1 is irredu
ible over Q, and 
ompute itsdis
riminant.Fix one of its roots, say x. Put R = Z[X]/(f) = Z[x] and K = Q(x) = Q[x].

(ii) Show that if a + bx + cx2 ∈ OK with a, b, c ∈ Q, then a, b, c have only a 3 inthe denominator.1[Given what this 
ourse has 
overed, the basi
 te
hnique is to use Minkowski's bound towrite a list (short, one hopes) of prime ideals that generate the 
lass group, and then �ndelements of small norm to give relations between these generators.℄2[First, use Minkowski et
. to prove the UFD property, then use a previous exer
ise todedu
e the PID property. Use the units theorem to show that the only units in OK are ±1.Assume that φ : OK − {0} → N is a Eu
lidean fun
tion. Choose x ∈ OK , x 6= 0,±1 with φ(x)minimal. Show that the elements of OK/(x) are the images of 0,±1, so that #OK/(x) ≤ 3.Make a list of rings with at most 3 elements. Show that the minimal polynomial of (1+
√
−19)/2is x2 + x + 5, and that this polynomial does not split in any ring with at most 3 elements.℄
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(iii) Show that x, x + 2 are units in R and that (x + 1)3 = 3x(x + 2). Show that
x + 1 is a prime element of R and that P = (x + 1)R is the only prime ideal of
R that 
ontains 3.
(iv) Dedu
e that RP is a DVR and that R = OK .
(v) Compute the 
lass group of OK .(10) (i) Show that f := X3 + X2 − 2X + 8 is irredu
ible over Q.Fix one of its roots, say x. Put R = Z[X]/(f) = Z[x] and K = Q(x) = Q[x].
(ii) Show that the dis
riminant of f is −4.503 (use a symboli
 pa
kage).
(iii) Show that y = 4/x ∈ OK and that y 6∈ Z[x].
(iv) Dedu
e that OK = Z[x, y].
(v) Show that (2) is the produ
t of 3 distin
t prime ideals in OK , and show that
OK/(2) 
annot be written as OK/(2) = F2[z].
(vi) Dedu
e that OK 
anot be written as OK = Z[z], for any z.Referen
esE-mail address : nisb�dpmms.
am.a
.uk
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