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In order to prove the existence of the algebraic closure of an arbitrary field, it is necessary
to use an axiom of set theory known &srn’s lemma It is equivalent to the Axiom of
Choice (but I won't prove the equivalence here: see Halmiage Set Theorgr any

other book on set theory for a proof and discussion). Some believe that one should avoid
the Axiom of Choice wherever possible, as it is less intuitive than the other axioms of set
theory. However a lot of algebra (not to say analysis) would be very awkward without it
(see Theorem A below for one reason why). If one is really concerned about its validity,
it is worth pointing out that one can often avoid using Zorn’s Lemma, at the expense of
some notational complexity (for example, instead of the algebraic closure of a field one
can often make do with the splitting field of a sufficiently large finite set of polynomials).
The material in this handout (other than the statements of Zorn’s Lemma and Theorem A)
is not examinable.

Partial orders and Zorn’s lemma
Let S be a set. A relatiors on S is said to be gartial order if it satisfies:

() Forallz € S, x < x;
(i) Forallz,y,z € S,if x <yandy < zthenz < z;
(i) Forall z,y € S, if x < yandy < x thenz = .
S'is said to beotally orderedby < if moreover:
(iv) Forallz,y € S, eitherr < yory < .

A chainis a partially ordered s€t5, <) is a subsef” C S which is totally ordered by.
If 7" C S'is a chain then so is any subsetiaf

Examples:

(a) R is a totally ordered set (with the usual order relation).
(b) LetS = {z € Z | x > 1} ordered by reverse divisibility:

rxy < zx/y€el.

Then(S, <) is a partially ordered set. Let > 1 and7 = {m’|: > 1}. ThenT is a
chaininS. So is the subsdt! | n > 1}.

(c) Let X be any setS the set of all subsets of with inclusion as the order relation.
ThenS is a partially ordered set.

Let (S, <) be a partially ordered set, afitlany subset of. An upper boundor 7" is an
element: € S such thatr < z for all z € T. (We don’t require that € 7'.) An element

y € S'is said to banaximalif foranyz € S,y < z iff z = y.

If S is totally ordered, then it can have at most one maximal element (easy). A general
partially ordered set can have many maximal elements. In the above examples:
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(&) InR an upper bound for a subset is an upper bound in the usual sense. There are no
maximal elements.

(b) InS ={x € Z | x > 1} an elementz € S is a maximal element iff it is prime.
Every chain has an upper upper bound (take the element which is smallest for the
usual ordering o).

Zorn's Lemma. LetS be a nonempty partially ordered set. Assume that every chain in
S has an upper bound. Theéhhas a maximal element.

As an example of the uses of Zorn's lemma, we prove:
Theorem A. Let R be a ring (nonzero, with unit element). ThBrhas a maximal ideal.

Proof. Let S be the set of all proper (i.e. different from itself) ideals ofR, ordered by
inclusion. SinceR is nonzero{0} € S and soS is nonempty. The maximal elements of
S are then precisely the maximal ideals/of We need to check the hypothesis of Zorn’s
lemma. Letl" C S be a chain. Defind = | J,., I —we claim.J is an upper bound fdf".
The only thing which is not obvious is thdte S. As J is a union of ideals, it is clearly
an ideal ofR. Moreover it is a proper ideal, for if not thene J which is true iff1 € I

for somel € T, which is impossible a$ is a proper ideal. Thereforé € S and soJ is

an upper bound fdf'. By Zorn’s lemma,S has maximal elements, henfehas maximal
ideals. O

Corollary. LetR be aring,I & R a proper ideal. Then there is a maximal ideal Bf
containing/.

Proof. Apply Theorem A toR/1. O
Zorn's lemma is equivalent to two other axioms of Set Theory: the first of these is:

The Axiom of Choice. Let X; (i € I) be a collection of sets, indexed by a $etf each
X; is nonempty then so is the Cartesian prodlt, X.

The second requires a further definition. A totally ordered set is said veebeordered
if every non-empty subset contains a least element. For example, tNens#t its usual
ordering is well-ordered.

The Well-Ordering Principle. Every set can be well-ordered.
Here is another application of Zorn’s Lemma.
Theorem B. Every vector space has a basis.

Proof. (Sketch) Letl” be a vector space. i = {0} there is nothing to prove, so we
may assumeé’ is nonzero. LetS be the set whose elements are the linearly independent
subsets ol/, ordered by inclusion. Thefi is a nonempty partially ordered set. A basis
of V' is nothing other than a maximal element%fOne checks that if’ C S is a chain,
thenlJ,., I is also a linearly independent subsetgfhence is an upper bound fdr By
Zorn’s lemma we conclude. O



