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Exercise 1. Suppose f € Lf’o . (R") is a periodic function and let:

1
q={x€R“:|xj|<E,jzl,...,n}.
Show that for any € > 0 there exists a smooth periodic function fe such that [|f — fell1r(4) < €.

Exercise 2. Show that the series S(x) = Y czn e~ ¥+, 212 converges for every x € (0, 1]" and calculate the
Fourier coefficients of S.

Exercise 3. Suppose that Q c R" is open and bounded, let f € C°(L), and suppose 0 < € < 1.

a) Show 'that/Q(lfl2 + e)%dx — ||f||’L’p ase — 0.

b) By considering /Q(lfl2 + e)ga’x = fRn (%div x) (If> + e)%dx, or otherwise, show that there exists a
constant C, depending on Q, p but not on f, such that || f||;, < C||Dfll;» -

Exercise 4. Let s € R.

a) Show that & is a dense subset of H*(R").

b) Find a condition on s such that 6, € HS(R™).

¢) Show that H* (R") is continuously embedded in H*(R") for s < t.

d) Show that the derivative D is a bounded linear map from H***(R") into H*(R"), where k = |a/|.

e) (*) Show that the pairing (,) : H*(R") x H*(R") — C, which acts on f € H(R"), g € H*(R") by

1

(f.8) = 2"

/ F@)2(&)de
Rn

is well defined, and show that the map g — (f, g) is a bounded linear operator on H*(R"). Deduce
that H*(R™)” may be identified with H~*(R"), and that §(R") c H*(R") c &’(R") for all s.

Exercise 5. For two probability measures y, v on R" their convolution y = v is defined via
pev(@) = [ o nduv(s).0 € SR,

i) Show that y * v defines an element 7)., of §’(R") and find f"ﬂ*v.

ii) Let n = 1 and let u be a probability measure on R such that fod,u (x) =0, /szd,u (x) = 1. Denote
by pu* = p % - - - % p the k-fold convolution (with k € N factors) and define a Borel measure on R

A (A) = u*k(\/zA), where VkA = {Vkx : x € A}, A C R Borel.

Show that the corresponding distributions 7, converge in §’(R) as k — oo and identify the limit.

iii) (*) Show that T, defines a sequence in H~*(R) whenever s > 1/2 and that it converges in this
space. What if s < 1/2?

Exercise 6. a) Suppose s = 5 + for some 0 < y < 1. Show that there exists a constant C,, , > 0 such
that for all x, y € R™:

/ |eix-.f _ eiy-§|2 )
5 dE < Cuy Ix =7
R g
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b) Show thatif s = 5 + k +y for some k € Z5, 0 <y < I, then
H*(R™) c CHY(RM).

Exercise 7. Fix s € R, and suppose that f € H*(R").

a) Show that there exists a unique u € H***(R") which solves:

Au+u=f.

b) Show further that there exists C > 0 such that ||u||gs+ < C || f]gs-

¢) For what values of s does the equation hold in the sense of classical derivatives (possibly after redefining
u, f on a set of measure zero)?

Exercise 8. Assume s > % and suppose u € §(R"). Define Tu € S(R""!) by:
Tu(x") =u(x’,0), x' e R
a) Show thatif & € R"!:

— 1
Tue) = 5. [ (' &n)de,

b) Deduce that:

1

— 2 R dén
’ < 1 2\s /, . 2d n) S
Tu(e)| < G (/R< +EP) (e, &) d /R(1+|§|2)S

where &€ = (£/,&,).

¢) By changing variables in the second integral above to &, = t4/1 + |&’ |2, show that there exists a constant
C(s) such that:

17wl < C() llullprs my -

HS‘% (Rn—l)
d) Conclude that 7' extends to a bounded linear operator 7 : H*(R") — H s=3 (R™ 1,

e) (*) Suppose v € S(R"!) and let ¢ € CX(R) satisfy quﬁ(I)dt = V2r. Define u through its Fourier
transform by:

V(') &n

¢
Ji+ie? \ (e

Show that there exists a constant C > 0O such that:

I/At(g,’ ‘fn) =

”u”HS(R") <C “vHHS_%(R"_])

and that Tu = v. Conclude that T : H*(R") — H> (R™1) is surjective.

Exercise 9. Suppose that Q c R”" is open and bounded. For u € H(l) (), define the Dirichlet energy:

Elu] = /Q |Du|? dx.

a) Suppose that (u;);°, is a sequence with u; € Hé () such thatu; — u. Show that E[u] < liminf; E [u;].
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b) Consider the set
&1 ={E[u] 1 u € Hy(Q), llull > = 1}

Let 4; := inf &. Show that there exists w| € Hé(Q) with ||wq||;2 = 1 and E[w;] = A1, and deduce
A > 0.

¢) Deduce that:
Al < [ 1P ax
Q
holds for all u € HO1 (), with equality for u = wy. This is Poincaré’s inequality.

d) By considering u = w; +t¢ fort € R, ¢ € D(Q), or otherwise, show that w satisfies
—-Awy = 1wy,
where we understand this equation as holding in 2’ (Q).

e) (*) Suppose y € CX(Q), and let v = yw;. Show that v satisfies —Av + v = f, where we understand
the equation as holding in &’(R"), where f € L?>(R"). Deduce that v € H>(R"). By iterating this
argument, deduce that w € Hy(Q) N C¥(Q).

f) (*) By considering
Ey ={E[u] : u € Hy(Q), |lull 2 = 1, (u, w1)2 = 0},

or otherwise, show that there exists 1, > A; and wy € Hé () N C*(Q) with wy # wy, |[wall;2 =1
solving
—Awy = Apws.



