ANALYSIS OF FUNCTIONS EXAMPLE SHEET 1

Richard Nickl (rn289@cam.ac.uk) (exercises due to Claude Warnick) Lent 2024

Exercise 1. Suppose f,g : E — C are measurable functions on some measure space (E, &, i). Show
that:

a) Ifellr < Ifllep lIgllLa where 1 < p,q,r < oo satisfy p~! +¢7! =77

[You may wish to first establish the special case r = 1.]

b) If+gller <fllpy +Igllze for 1 < p < co.

Exercise 2. a) Suppose that u(E) < co. Show thatif f € LP(E, u),then f € LY(E, u) forany 1 < g < p,
with
.

q
1fllpa < u(E)a? || fllpp -

b) Suppose that f € LPO(E, u) N LP'(E, u) with pg < p; < oo. For 0 < 8 < 1, define pgy by

1 1-6 0
= + —.
Po Po P1

Show that f € LP¢(E, y) with
1 lro < IFI o0 NFNE s, -

¢) Show that for p; # p, we have LP'(R") ¢ LP2(R™). For which py, p» do we have Lfolc'(R”) -
LP2 (Rn)?

loc.

Exercise 3. Let Rq be the set of rectangles of the form (ay, b1] X - - - X (ay, b,] with a;, b; € Q, and let
Sg be the set of functions of the form

N
s(x) = Z(ak +ifr) 1R,
=1

for Ry € Rg and ay, Bx € Q. For 1 < p < oo show that Sg is dense in L” (R") and deduce that L” (R") is
separable. Show that L*(R") is not separable.
[Hint: for the last part exhibit an uncountable subset X C L*(R") such that || f — gl o gn) > 1 for any

f.eeX f+g].

Exercise 4. a) Suppose 1 < p < oo and let ¢ satisfy p~' + g~! = 1. Show that for a measurable function
f:R*"—>C:

11y = sup { [ regldr g € LR, gl < 1}.

b) Now suppose p < oo and assume F : R" x R" — C is integrable. Set G(y) = /Rn F(x,y)dx. Show
that if ||g||; 4 < 1 then

1

[isosoiar< [ | [ renra|

Deduce Minkowski’s integral inequality
1
p
<[
Rn

/n /nF(x,y)dx

Exercise 5. Let / = (0,1) and 1 < p < co. Exhibit a sequence (f]-)‘;.‘;1 with f; € LP(I) such that f; — 0
in LP (1), but f;(x) does not converge for any x. Does such a sequence exist if p = co?

/ Fx )P dy] " dx.
Rn

p
dy




ANALYSIS OF FUNCTIONS EXAMPLE SHEET 1

Exercise 6. Suppose 1 < p < oo.

a) Suppose f € LP(R"). Show that

A7,
AP

[{x - 1 ()] > A} <
This is known as Tchebychev'’s inequality, the p = 1 case is Markov’s inequality.

b) We say that a measurable f : R” — C is in weak-L? (R"), written f € LP-"(R") if there exists a
constant C such that

CP
e [fOl> A < -
Show that L? (R") c LP-" (R"), and that the inclusion is proper.

Exercise 7. Suppose that f € L"(R") for some 1 < r < co. Show that || f||;« = lim,_e [ fllzp-
[Hint: you may find the estimates in Exercises 2b), 6 a) useful.]

Exercise 8. a) Let By,...,By be a finite collection of open balls in R". Show that there exists a
subcollection By, . .., B;, of disjoint balls such that
N k
B c 6B,
i=1 j=1

where 3B is the ball with the same centre as B but three times the radius. Deduce
N
s
i=1

b) (*) Suppose {B; : j € J} is an arbitrary collection of balls in R” such that each ball has radius at most
R. Show that there exists a countable subcollection {B; : j € J'}, J" C J of disjoint balls such that

UBl- c U(SB,-).

ieJ ieJ’

k

<3" > By

J=1

These are Wiener and Vitali’s covering Lemmas, respectively.

Exercise 9. Suppose f : R — C is integrable and let F(x) = f_ )(; f(t)dt. Show that F is differentiable
with F’(x) = f(x) at each Lebesgue point x € R. Deduce that F is differentiable almost everywhere.

Exercise 10. Suppose ¢ € L*(R") satisfies ¢ > 0, supp ¢ C B1(0), and /R” ¢odx = 1. Set ¢pe(x) =
e "¢(e 'x). Show that if f € L'(R™), and x is a Lebesgue point of f,

be * f(x) = f(x), ase — 0.

Exercise 11. Let S = {{,,.k } n.k ez be the Haar system, as defined in lectures.

a) Show that
/ Uny (x)lr//nz,kz (x)dx = 6n1n26k1 k-
R
b) Show that 1; € Span S for any finite interval I, where the closure is understood with respect to the L?
norm.
¢) Deduce that S is an orthonormal basis for L>(R).

Exercise 12. (*) Suppose (E, &) is a measurable space, with finite measures y, v. Show that v may be
uniquely written as v = v, + v, for measures v, vy such that vy L u and v, < p.
[Hint: Return to the proof of the Radon—Nikodym theorem, but drop the assumption that v << u]



