Algebraic Geometry, Part Il, Example Sheet 4,2009

Assume throughout that the base fiélés algebraically closed. If it helps, feel free to assume
throughout that it has characteristic zero.

1. LetV be a smooth irreducible projective curve aRds V' any point. Show that there exists a
nonconstant rational function dn which is regular everywhere except@t Show moreover
that there exists an embedding V' —— P" such thaty~' ({ X, = 0}) = {P}. In particular,

V' \ {P} is an affine curve. IV has genug, show that there exists a nonconstant morphism
V — P! of degreey.

2. Let P, be a point on an elliptic curv&” (smooth irreducible projective curve of genljsand
asp.: X — W C PP? the projective embedding, with imadg. Show thatP € W is a point
of inflection if and only if3P = 0 in the group law determined b¥,.,. Deduce that if? and@
are points of inflection then so is the third point of intetsat of the linePQ with 17/.

3. LetV: ZY? + Z%Y = X3 — X Z? and takeP;, = (0 : 1 : 0) for the identity of the group law.
Calculate the multiplesP =P @ ---@ Pof P=(0:0:1)for2 <n < 4.

4. Show that any morphism from a smooth irreducible proyectiurve of genus 4 to a smooth
irreducible projective curve of genus 3 must be constant.

5. (Assumechar(k) # 2) (i) Let 7: V — P! be a hyperelliptic cover, anf? # @ ramification
points ofr. Show thatP? — @ + 0 but2(P — Q) ~ 0.

(i) Let g(V') = 2. Show that every divisor of degr@eon V' is linearly equivalent taP + @ for
someP, ) € V, and deduce that every divisor of degfess linearly equivalent ta® — @' for
someP, Q) € V.

(iii) Show that if (V') = 2 then the subgroup[D] € C1°(V) | 2[D] = 0} of the divisor class
group of V" has orderi6.

6. Show that a smooth plane quartic is never hyperelliptic.

7. LetV . X¢ + X? + X§ = 0, a smooth irreducible plane curve. By applying the Riemann—
Hurwitz formula to the projection t&* given by (X, : X;), calculate the genus &f.

Now let¢: V' — P? be the morphisniX;) — (X?). Identify the image ofy and compute the
degree ofp.

8. LetV C PP be the intersection of the quadriggF'), Z(G) wherechar(k) = 0 and

3
F=XX1+X;, G=) X}
=0
(i) Show thatV is a smooth curve (possibly reducible).
(i) Let ¢ = (X, X X3): P2 —— P2, (This map is the projection from the poif® 0 0 1) to
P2) Show thaty(V) is a conicC' C P2. By parametrising”, compute the ramification af
and show that: V' — C' has degree 2. Deduce tHatis irreducible of genus 1.



9.

10.

In this example, for any set of six poinf#} in P* we construct a smooth curve of genus 2
in P3, together with a morphism of degreeoranched precisely dtP;}. Assumechar(k) # 2
thoughout.

(i) Show that coordinates di' may be chosen for which the poins are0, oo and the roots
of 2 coprime quadratic polynomialgz) = x2 + ax + b, q(x) = 2* + cx + d, with bd # 0.

(i) Let C' C A? be the affine curve with equatiof¥ = h(z) whereh(z) = zp(z)q(z). Show
thatC is nonsingular, and that: C — A!, (z,y) — z is 2-to-1 except at points of the form
P = (z,0), at whichep = 2.

(iii) Let W = V({F,G}) C P? be the projective variety given by
F(K) = X22X0 — X1<X3 + CLX1 + on)(Xg —+ CX1 + dXo), G(K) = XOX3 — X12

Show that the affine piedd N { X, # 0} is isomorphic ta”', but thatiW’ N {X, = 0} is a line.
In particular,W is reducible.

(IV) Let F/(K) = X1X22 —Xg(X3+aX1 —|—bX0)(X3—|—CX1 —|—dX0) Show thatXOF/ S Ih(W)
Let V = V({F,F',G}. Show thatV N {X, # 0} = W n{Xy, # 0}. Show also that
V n{X, = 0} is asingle point, and that it is a smooth poinflof

(v) Deduce thatl” is a smooth irreducible projective curve of gerysand that the morphism
7= (Xo X;): V — P! has degree 2.

() LetV be a smooth irreducible projective curve of geus 2. Observe that foP € V the
Riemann—Roch theorem implies tlétn P) > 1 — g +m. We say that” is aWeierstrass point
of Vis{(gP) > 2. Show that ifg = 2, the Weierstrass points &f are the ramification points
of the hyperelliptic morphism: V' — P1.

(i) Prove that for any hyperelliptic curv& the ramification points of: V' — P! are Weier-
strass points.

(i) Let V be a smooth plane quartic. Show thiake V' is a Weiersrtrass point if and only if it
is a point of inflexion.



