
Algebraic Geometry, Part II, Example Sheet 3,2009

Assume throughout that the base fieldk is algebraically closed. If it helps, feel free to assume
throughout that it has characteristic zero.

1. LetP be a smooth point of the irreducible curveV . Show that iff , g ∈ k(V ) thenvP (f + g) ≥
min(vP (f), vP (g)), with equality ifvP (f) 6= vP (g).

2. If P is a smooth point of an irreducible curveV andπP ∈ OV,P is a local parameter atP , show
thatdimk OV,P/(π

n
P ) = n for everyn ∈ N.

3. Show thatV = Z(X8
0 +X8

1 +X8
2 ) andW = Z(Y 4

0 + Y 4
1 + Y 4

2 ) are irreducible smooth curves
in P2 providedchar(k) 6= 2, and thatφ : (Xi) 7→ (X2

i ) is a morphism fromV toW . Determine
the degree ofφ, and computeeP for all P ∈ V .

4. Show that the plane cubicV = Z(F ), F = X0X
2
2 −X3

1 + 3X1X
2
0 is smooth ifchar(k) 6= 2, 3.

Find the degree and ramification degrees for (i) the projectionφ = (X0 : X1) : V → P1 (ii) the
projectionφ = (X0 : X2) : V → P

1.

5. Show that the Finiteness Theorem fails in general for a morphism of smooth affine curves.

Let V = Z(F ) ⊂ P2 be the curve given byF = X0X
2
2 − X3

1 . Is V smooth? Show that
φ : (Y0 : Y1) 7→ (Y 3

0 : Y0Y
2
1 : Y 3

1 ) defines a morphismP1 → V which is a bijection, but is not
an isomorphism.

6. (i) Let φ = (1 : f) : P1 → P1 be a morphism given by a nonconstant polynomialf ∈ k[t] ⊂
k(P1). Show thatdeg(φ) = deg f , and determine the ramification points ofφ — that is, the
pointsP ∈ P1 for which eP > 1. Do the same for a rational functionf ∈ k(t).

(ii) Let φ = (t2 − 7 : t3 − 10) : P1 → P1. Computedeg(φ) andeP for all P ∈ P1.

(iii) Let f , g ∈ k[t] be coprime polynomials withdeg(f) > deg(g), andchar(k) = 0. Assume
that every root off ′g − g′f is a root offg. Show thatg is constant andf is a power of a linear
polynomial.

(iv) Let φ : P1 → P1 be a finite morphism in characteristic zero. Suppose that every ramification
point P ∈ P

1 satisfiesφ(P ) ∈ {0,∞}. Show thatφ = (F n
0 : F n

1 ) for some linear formsFi.
[Hint: choose coordinates so thatφ(0) = 0 andφ(∞) = ∞.]

(v) Supposechar(k) = p 6= 0, and letφ : P1 → P1 be given bytp − t ∈ k(t). Show thatφ has
degreep and that it is only ramified at∞.

7. Letφ : V → W be a finite morphism of smooth projective irreducible curves, andD =
∑
nQQ

a divisor onW . Define
φ∗D =

∑

P∈V

ePnφ(P )P ∈ Div(V ).

Show thatφ∗ : Div(W ) → Div(V ) is a homomorphism, thatdeg(φ∗D) = deg(φ) deg(D), and
that ifD is principal, so isφ∗(D). Thusφ∗ induces a homomorphismCl(W ) → Cl(W ).

8. (i) Use the Finiteness Theorem to show that ifφ : V → W is a morphism between smooth
projective curves in characteristic zero which is a bijection, thenφ is an isomorphism.

(ii) Let k be algebraically closed of characteristicp > 0. Consider the morphismφ = (Xp
0 :

Xp
1 ) : V = P1 → W = P1. Show thatφ is a bijection,k(V )/φ∗k(W ) is purely inseparable of

degreep, and thateP = p for everyP ∈ V .



9. LetV ⊂ P2 be a plane curve defined by an irreducible homogeneous cubic.Show that ifV is
not smooth, then there exists a nonconstant morphism fromP1 to V .

10. LetV be a smooth irreducible projective curve. LetU ⊂ k(V ) be a finite-dimensionk-vector
subspace ofk(V ). Show that there exists a divisorD onV for whichU ⊂ L(D).

11. LetV be a smooth irreducible projective curve, andP ∈ V with ℓ(P ) > 1. Let f ∈ L(P ) be
nonconstant. Show that the rational map(1 : f) : V −−→ P1 is an isomorphism. Deduce that if
V is a smooth projective irreducible curve which is not isomorphic toP1, thenℓ(D) ≤ degD
for any nonzero divisorD of positive degree.

12. LetP be the point at infinity onP1 andD = 4P . Investigate the morphismφD. Show that there
exists a smooth curveV ⊂ P3 of degree4 which is isomorphic toP1.

13. LetV be a smooth plane cubic. Assume thatV has equationX0X
2
2 = X1(X1−X0)(X1−λX0),

for someλ ∈ k \ {0, 1}.

Let P = (0 : 0 : 1) be the point at infinity in this equation. Writingx = X1/X0, y = X2/X0,
show thatx/y is a local parameter atP . [Hint: consider the affine pieceX2 6= 0.] Hence
computevP (x) andvP (y). Show that for eachm ≥ 1, the spaceL(mP ) has a basis consisting
of functionsxi, xjy, for suitablei andj, and thatℓ(mP ) = m.

14. Let f ∈ k[x] a polynomial of degreed > 1 with distinct roots, andV ⊂ P
2 the projective

closure of the affine curve with equationyd−1 = f(x). Assume thatchar(k) does not divide
d− 1. Prove thatV is smooth, and has a single pointP at infinity. CalculatevP (x) andvP (y).

* Deduce (without using Riemann–Roch) that ifn > d(d− 3), thenℓ((n+ 1)P ) = ℓ(nP ) + 1.

15. Let F (X0, X1, X2) be an irreducible homogeneous polynomial of degreed, and letX =
Z(F ) ⊂ P2 be the curve it defines. Show that the degree ofX is indeedd.

16. A smooth irreducible projective curveV is covered by two affine pieces (with respect to dif-
ferent embeddings) which are affine plane curves with equationsy2 = f(x) andv2 = g(u)
respectively, withf a square-free polynomial of even degree2n andu = 1/x, v = y/xn

in k(V ). Determine the polynomialg(u) and show that the canonical class onV has degree
2n − 4. Why can we not just say thatV is the projective plane curve associated to the affine
curvey2 = f(x)?

17. LetV0 ⊂ A2 be the affine curve with equationy3 = x4 + 1, and letV ⊂ P2 be its projective
closure. Show thatV is smooth, and has a unique pointQ at infinity. Let ω be the rational
differentialdx/y2 onV . Show thatvP (ω) = 0 for all P ∈ V0. prove thatvQ(ω) = 4 and hence
thatω, xω andyω are all regular onV .

18. Letθ : V → V be a surjective morphism from an irreducible projective variety V to itself, for
which the induced map on function fields is the identity. Showthatθ = idV .

Now letV be a smooth irreducible projective curve andφ : V → P
1 be a nonconstant morphism,

such thatφ∗ : k(P1) → k(V ) is an isomorphism. Show that there exists a morphismψ : P1 → V
such thatψ∗ is inverse toφ∗. Deduce thatφ is an isomorphism.


