Complex Analysis 1B, 2007 Example sheet 3

1 Use the residue theorem to give a proof of Cauchy’s derivative formulaisfholomorphic onD(a, R),

and|w — a| < r < R, then
(M () = - / _fe
f (w) 2mi |z—al=r (Z - w)n—i—l dz.

2 Show that iff andg are holomorphic and non-constant, thie,_,(g o f) = deg._,(f). deg._;()(9)-
3 Use Rouchk’s Theorem to give another proof of the Fundamental Theorem of Algebra.

4 Letp(z) = 2° + 2. Find all z such thatz| = 1 andIm p(z) = 0. CalculateRe p(z) for suchz. Hence
sketch the curve o v, wherey(t) = > and use your sketch to determine the number @ounted with
multiplicity) such thafz| < 1 andp(z) = x for each real numbex.

5 Evaluate:

@ /” o
4 +5sin? 6’
(b) / sinma da: where a, m € R™;

332 .
© /0 G =

2m 3
cos” 3t
d dt wh 0,1).
()/0 1 —2acost + a? where a € (0,1)

6 By integratingz/(a — e~%) round the rectangle with verticesr, =7 + iR, prove that

T rsinx -
dz = —log(1 for a € (0,1).
/0 1 —2acosz + a2 r a og(l+a) for a€(0,1)

7 Evaluate:

(a) / sin z? dx
0

(b) / e~ o7t o wherea > 0, ¢ € R

© /"oln 2 +1)

2 +1
cosh azx
d dz, 1,1
@ /0 coshz ¢ € )
(e) / ST it dr,t € R.
e X

8 Assumingy > 0 andg > 0 prove that

° cos ax — cos fx s
/0 1‘2 dx:§(ﬁ—oz),

and deduce the value of
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9 (i) For a positive integeN, letyy be the square contour with vertices1 +4)(N + 1/2). Show that there

existsC' > 0 such that for every, |cot 72| < C onyy

" . . t
(i) By mtegratmg% aroundyy, show that
z

i 1 1+7TCOth7T
n2+1 2
n=>0

(iii) Evaluate "2, (—1)"/(n? + 1).

10 (i) Show that the Taylor expansion of (e* — 1) near the origin has the form
o] k,
z By 2k
3

k=1

where the numberB;, (theBernoulli numberyare rational

(i) If k is a positive integer show that
et 1 22k_17T2kBk

D e T

n=1

11 Prove that® + 2 + e* has exactly three zeros in the half- pla{ne\ Re(z) < 0}.

12 Show that* + 26z + 2 = 0 has exactly three zeroes wifi2 < |z| < 3
13 Show that the equatiorf + z + 1 = 0 has one solution in each quadrant. Prove that all solutions lie inside

the circle{ z | || = 3/2}.
14 Show that the equationsin z = 1 has only real solutions
15 Supposg is holomorphic whenz| < 1 and satisfie$f(z)| < 1 when|z| = 1. Show there is exactly one
= w.

complex numbetv such thatw| < 1 and f(w)
16 Letf be a meromorphic function o@ such thaf f(z)| — oo as|z| — oo. Show thatf cannot have poles

at all integer points.

Comments and corrections to a.j.scholl@dpmms.cam.ac.uk



