Complex Analysis IB, 2007 Example sheet 1

1 (i) Show thatf(z) = 2z is complex differentiable at the origin and nowhere else.
(if) Show that the function$:|, Arg z, z are nowhere holomorphic.

2 Find all holomorphic functions of® of the form f(z + iy) = u(x) + iv(y) whereu andv are both real
valued.

3 Letf : D — C be an holomorphic function defined on a domainShow thatf is constant if either its real
part, imaginary part, modulus or argument is constant.

4 Definef : C — C by f(0) =0, and

(1+d)z% — (1 —4)y3
22 + y?

f(z)= forz =o + 1y #0.

Show thatf satisfies the Cauchy-Riemann equationg ladit is not differentiable there.

5 Consider the functiorf : C — C defined by

3 o
{:cy(ym:) whenz = x + iy # 0;

fe)={ by

0 whenz = 0.

Prove that f(z) — f(0))/z tends to0 asz — 0 along any straight line through the origin, but ttfais not
differentiable at the origin.

o0
!
6 Find the radius of convergendgof the power seriei %z". Determine whether or not the series con-
verges on the circle:| = R. o=l

7 (Hadamard’s formulProve that the radius of convergence of the power s&ngs, ¢, 2" is given by

o 1
limsup {/|a,|
[Recall that if{x,, } be a sequence of real numbers, ddg = sup,.>,, ., m, = inf,>, x, then
limsup{z,} = lim M,, liminf{z,} = lim m,.
n—00 n—00
(with +00 allowed throughout).]

8 Letf(z) =>.,2,cn2"™ be a power series with radius of convergefite 0. Show (without using any form
of Taylor’s theorem) that ifw| = R — r < R then f(z) can be represented by a convergent power series
f(z) =32 ydn(z —w)™ on the discD(w, r). What can you say about its radius of convergence?

9 Verify directly thate?, cos z andsin z satisfy the Cauchy-Riemann equations everywhere.

10 (i) Find the set of complex numbergor which |e*| < 1, the set of those forwhichaiz\ > 1, and the set of
those for whiche?| < el*l,
(i) Find the zeros ofl + €7, cosh z, sinh z andsin z + cos z.

11 Denote bylL.og the principal branch of the logarithm. #fe C, show that: Log(1 + z/n) is defined ifn is
sufficiently large, and that it tends toasn tends toco. Deduce that for any € C,

lim <l—|— E)n = e~.
n

n—oo

12 LetD c C be a domain not containing and: D — C a branch of the logarithm. Determine all possible
branches of the logarithm ab in terms of\.
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13 (i) Let0 < r < 1 < R. Show that the series

D 1)
o (
pt 1+ 2

converges uniformly in each of the séds = {z € C | |z| <r} andEg = {z € C | |z| > R}.

(i) Show that the series (1) doe®t converge uniformly in either of the sef3 = {z € C | |z| < 1} or
E={zeC| |z > 1}.

(iif) Show that on each ob and E the series (1) converges to a holomorphic function.

14 Prove that each of the following series converges uniformly on the corresponding suBiset of

(a) Z@’ on{z ||z >1}; () Y Ve, on{z|0<r<Re(z)}
n=1 n=1

o

2" 1 s
(C)Zm, on{z||z|§r<§}; (d) 22 cosnz, on{z||Im(z)| <r <log2}.

n=1 n=1

15 Find a conformal equivalence between the sefior C | —7/4 < arg(z) < m/4} and the open unit disc

D(0,1).
/\z|2 dz, /z2 dz
g v

when~ : [0,1] — Cis given by (a)y(t) = €"™/2, and (b)y(t) = 1 — t + it.

16 Evaluate the integrals

17 Show thatify: [a, 3] — Cis a continuously differentiable curve afid~) is the opposite curve, then

/(_W) £(z)dz = —/vf(z) dz.

18 (Integration by parts) Lef andg are holomorphic in a domaiP, and lety: [0,1] — D be a curve with
v(0) = a, v(1) = b. Show that

/fwmwww:f@mm—fwmmwi/f@M@Mz
;

v

19 Calculatef7 z sin z dz when+ is the straight line joining to .

20 Show that the following functions do not have antiderivatives on the domains indicated:

(a) % (0 < |2] < o0); (€) 1Jf7 (1 <[z] < 00);
1 1 1
) - ———  (O<[s <) (d) A= (0 <zl <1).
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