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Corrections and comments to walters@dpmms.cam.ac.uk

In several of the questions we work with the space M of all n x n matrices. Pick any appropriate norm:
2
for example the operator norm or the Euclidean norm on the space viewed as R™ .

1. Where are the following functions f from R? to R differentiable?

flxy) =2y,  flz,y)==/y,  fle,y)=lzllyl,  flo,y) =zylz -y

f(xay) :l'y/\/ 2 +y2 ((x,y) # (0’0)7 f(070) =0
fx,y) =zysinl/z (z#0), f(0,y)=0

2. Let ||| denote the usual Euclidean norm on R". Show that the map sending x to ||z||? is differentiable
everywhere. What is its derivative? Where is the map sending z to ||z| differentiable and what is
its derivative?

3. We work in R? with the Euclidean norm. Consider the map f : R® — R? given by
T
flx)=-— forxz#0
[l

and with f(0) = 0. Show that f is differentiable except at 0 and

_ hz(z-h)
DIle) = 121 ~ e

Verify that D f(z)(h) is orthogonal to  and explain geometrically why this is the case.

4. Let g : R — R be a function satisfying g(x + ) = —g(x). Show that all the directional derivatives of
the function f : R? — R defined by f(r, ) = rg(f) exist at zero. By choosing suitable g or otherwise,
give an example of a function that:

a) has all directional derivatives at zero but is not continuous at zero.

b) has all directional derivatives at zero, is continuous everywhere, but is not differentiable at
Z€ro.

c¢) has all directional derivatives at zero, is differentiable everywhere except zero, but is not
differentiable at zero.
5. (i) Suppose that f : R?> — R is such that D;f = df/dz is continuous in a neighbourhood of
(a,b), and Do f = Of /Oy exists at (a,b). Show that f is differentiable at (a,b).
(ii) Suppose that f : R? — R is such that Dy f = 0f/0x exists and is bounded near (a,b), and

that for a fixed, f(a,y) is continuous as a function of y. Show that f is continuous at (a, b).

6. Let a: M — M (see top of sheet for definition of M) defined by A — A% Show that « is
differentiable everywhere and find its derivative.

7. Let f: M — M be defined by A — A1,

Show that « is differentiable at the identity matrix and that D f|;(h) = —h. Now suppose that B
is invertible. Define the map gy : A — B~ !4 and gp : A — AB™!. Show that grfgr(A) = A~L.
Hence, find the derivative D f|p.
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Suppose that B: R™ — L(R™,R) 2 R™ is differentiable at z¢ and that y is a fixed vector in R™.
Let ¢ be the function L(R™,R) — R sending a map « to the real number a(y).

By using the chain rule or otherwise show that the map g: R™ — R defined by g(x) = B(x)(y) =
J(B(z)) (i-e., the linear map B(x) evaluated at y) is differentiable and find its derivative.

Now suppose f: R™ — R is twice differentiable. Deduce that the map g: R™ — R sending z to
Df|.(h) is differentiable with derivative Dal, (k) = D2 f|.(k)(h).
Consider the map f : M — M defined by f(A) = A3. Find the Taylor Series of f(A + h).

Suppose f(0,0) = 0, and

fla) = 2= it o) # 000

Prove that
(a) f, D1f, Daf are continuous in R?,
(b) D1 Dy f and DyD f exist at every point in R?;
(¢) D1D2f(0,0) =1 and D2 D1 f(0,0) = —1.
Where are D1 Ds f and Do D1 f continuous?

Suppose that X is a complete metric space, and that a, 3 are contractions on X with Lipschitz con-
stant at most 1/2, and with fixed points a and b respectively. Suppose that sup ¢ x d(a(z), 8(z)) < e.
Show that d(a,b) < 2e.

Deduce that the inverse function defined in the proof of the inverse function theorem is continuous.

Consider the function f : M — M defined by A — exp(A4) = > A"/nl. Find the derivative
Dflo. Show that there is an open set U C M containing I such that “log” is well defined: i.e., there
is a function ! : U — M such that exp(l(A4)) = A for all A € U. What is the derivative DI|;?

Give an example of a continuous bijection from R to R which has a point « with D f|, = 0. (Harder)
can Df], = 0 hold for uncountably many points x?

Suppose that f : R — R is continuous, f(0) = 0 and f is differentiable at 0 with f/(0) # 0. Show that
there need not be any neighbourhood of 0 on which f is injective. Can such an f be differentiable
everywhere?

Suppose that f: R™ xR" — R", f is continuously differentiable, o € R™, yg € R", that f(z¢,yo) =
0 and the map f(-) = f(=,) has non-singular derivative at yo. Let S be the set {(x,y) : f(z,y) = 0}
considered as a metric space in its own right.

By considering the function f: R™ x R” — R™ x R" defined by f (z,y) = (z, f(z,y)) or otherwise
show that there exists an open set U C R™ with o € U and V an open subset of the metric space
S and a continuous bijection with continuous inverse g : U — V.

Let f: R* — R be defined by f(z,y) = 22 4+ y> — 1. Let V = {(z,9) : f(z,y) = 0}. Using the
previous question show that every point of V lies in an open set U which is homeomorphic to a
subset of R.



