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. Let G be the group of all symmetries of a cube. Show that G acts on the set of 4 lines joining

diagonally opposite pairs of vertices. Show that if £ is one of these lines then Gy = Dg x Cbs.

. Let H be a subgroup of a group G. Show that there is a bijection between the set of left cosets of

H in G and the set of right cosets of H in G.

. If G is a finite group, H is a subgroup of G, and K is a subgroup of H, show that |G/K| =

G/H|- |H/K].

. Show that if a group G contains an element of order 6, and an element of order 10, then G has

order at least 30.

. Show that Do, has one conjugacy class of reflections if n is odd and two conjugacy classes of

reflections if n is even.

. Let G be a finite group and let Sub(G) be the set of all its subgroups. Show that g x H := gHg ™!

defines an action of G on Sub(G). Show that for H € Sub(G) the size of the orbit of H under this
action is at most |G/H|. Deduce that if H # G then G is not the union of all conjugates of H.

Suppose that G acts on X and that y = g-x for some x,y € X and g € G. Show that G, = gG,g~'.

. Let G be a finite abelian group acting faithfully on a set X. Show that if the action is transitive

then |G| = | X]|.

. Consider the Mobius transformations f(z) = €>™/"z and g(z) = 1/z. Show that the subgroup G

of the M6bius group M generated by f and ¢ is isomorphic to Da,.
Express the Mobius transformation f(z) = 2;%5 as the composition of tranformations of the form
z+>az, z— z+band z — 1/z. Hence show that f sends the circle described by |z — 2i| = 2 onto

the circle described by |8z + (6 + 117)| = 11.

Let G be the subgroup of Mébius transformations that send the set {0,1,00} to itself. What are
the elements of G? Which standard group is isomorphic to G? What is the group of Mdbius
transformations that send the set {0, 2, 00} to itself.

Prove or disprove each of the following statements:

(i) The Mobius group is generated by Mobius transformations of the form z — az and z — z + .
(ii) The Mébius group is generated by Mébius transformations of the form z — az and z +— 1/z.

(iii) The Mé&bius group is generated by Mébius transformations of the form z — z+b and z — 1/z.

Show that any invertible function f: C — C that preserves the cross-ratio, i.e. such that
[21, 22, 23, 2] = [f(21), f(22), f(23), f(24)] for all distinct 21, 22, 23, 24 € C,

is a Mobius transformation.

Determine under what conditions on A, i € C the Mobius transformations f(z) = Az and g(z) = pz
are conjugate in M.

What is the order of the Mébius transformation f(z) = iz?7 What are its fixed points? If h is
another Mobius transformation what can you say about the order and the fixed points of hfh=1?
Construct a Mobius transformation of order 4 that fixes 1 and —1.
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