Lent 2017 ANALYSIS I - EXAMPLES 4 AZ

1. Let f: [a,b] — R be an integrable function with f(x) > 0 for every z.
Assume further that f is continuous. Show that ff ft)dt =0iff f(z) =

for every x. Does this hold without the assumption of continuity?

2. Give an example of a function f: [0,1] — R such that |f]| is integrable
but f is not. Give an example of a sequence f,: [0,1] — [0, 1] of integrable
functions such that the function f(x) = sup,, f.(z) is not integrable.

3. Let f:[0,1] — R be defined by f(x) = 0 when x is irrational, and
f(z) = 1/q when = = p/q is a rational written in its lowest terms. Prove
that f is integrable on [0, 1]. What is fo x)dx?

4. Let a < b and f be an integrable function on [a,b]. Show that for every
closed subinterval I C [a,b] of positive length and every € > 0 there exists
a closed subinterval J C I of positive length such that sup; f —inf; f < e.
Use this to show that if f(x) > 0 for every z then fab f(z)dz > 0.

5. Let f be a continuous function on [a, b] and let a < ¢ < d < b. Prove that

fx+h f(x)
lim / de = f(d) - () .

6. Let f:[0,1] — R be Continuous Let G(x t) =t(x — 1) when t < x and
x(t—1) when t > z. Let g(z fo t)dt. Show that ¢”(z) exists for
z € (0,1) and equals f(z).

7. Which of the following improper integrals converge?
1
(i) / 98T 4a
1 1 + Z’z

(ii) / zP exp(—x?)dz  (where p,q > 0).
0

(iii) /0 h sin(z?) dz .



8. Give an example of a continuous function f: [0,00) — [0, 00) such that
Jo° f(x) da exists but f is unbounded.

1 1
9. Prove that + +---4+— —log2 asn — oo, and find the limit
n+1l n+2 2n
of
1 1 P (—1)nt
n+1 n+2 2n

10. For each non-negative integer n let I,,(0) = f_ll(l —x%)" cos(fx) dx. Prove
that 0%, = 2n(2n — 1)1,y — 4n(n — 1)1, for all n > 2, and hence that
621, (0) = n!(P,(0) sin 0+ Q,,(0) cos §) for some pair P,, Q,, of polynomials

of degree at most 2n with integer coefficients. Deduce that 7 is irrational.

11. For each n € N let u, = foﬁ/ ?sin 2nz cotz dz and v, = Oﬁ/ 2 sin2nt g,

Prove that u,, = 7/2. By considering the limit of v,, and of u,, —v,, as n — oo,

show that fooo Sig“ de = 3.

12. A function f: [a,b] — R is said to have bounded variation if there exists
K > 0 such that for every dissection D: a = xg < 21 < --- < x,, = b of [a, ],
we have > || f(zg) — f(zg—1)] < K. Prove that a function of bounded
variation is integrable. Is the converse true?

13. For a dissection D:a = xg < 21 < --- < x, = b of a closed bounded
interval [a,b] define |D| = maxy(zy — xx_1). Assume that f: [a,b] — R is
integrable and (D,,) is a sequence of dissections of [a,b] with |D,| — 0 as
n — oo. Prove that Sp (f) — sp,(f) = 0 as n — oo. Deduce that if D, is
the sequence a = 2" < 2" <. <2 = b and €™ € [\, 2\"] for cach

1 <k <m,, then

My, b

Z f(fz(gn))(ﬁggn) — x,(j,)l) — f(t)dt as n — 00 .
k=1 a

14%. Let f:[0,1] — R be a function that is differentiable everywhere (with
right and left derivatives at the end points) with a derivative f’ that is
bounded. Must f’ be integrable?



