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1. Prove that ifan → a andbn → b thenan + bn → a + b .

2. Sketch the graphs ofy = x andy = (x4 +1)/3 , and thereby illustrate the behaviour of the real sequence
(an) wherean+1 = (a4

n + 1)/3 . For which of the three starting casesa1 = 0 , a1 = 1 anda1 = 2 does
the sequence converge? Now prove your assertion.

3. Let a1 > b1 > 0 and let an+1 = (an + bn)/2 , bn+1 = 2anbn/(an + bn) for n ≥ 1 . Show that
an > an+1 > bn+1 > bn and deduce that the two sequences converge to a common limit. What limit?

4. Let [an, bn] , n = 1, 2, . . . , be closed intervals with[an, bn] ∩ [am, bm] 6= ∅ for all n, m .

Prove that
⋂∞

n=1[an, bn] 6= ∅ .

5. The real sequence(an) is bounded but does not converge. Prove that it has two convergent subsequences
with different limits.

6. Investigate the convergence of the following series. For those expressions containing the complex num-
ber z , find thosez for which convergence occurs.
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7. Show that
∑

1/(n logα n) converges ifα > 1 and diverges otherwise.

Does
∑

1/(n log n log log n) converge?

8. Let an ∈ C and letbn = 1
n

∑n
i=1 ai . Show that, ifan → a asn →∞ , thenbn → a also.

9. Consider the two series1− 1
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terms but taken in a different order. Letsn and tn be the corresponding partial sums ton terms. Show

that s2n = H2n −Hn and t3n = H4n − 1
2H2n − 1

2Hn , whereHn = 1 + 1
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5 + · · · + 1
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Show thatsn converges to a limits and thattn converges to3s/2 .

10. Suppose that
∑

an diverges andan > 0 . Show that there existbn with bn/an → 0 and
∑

bn divergent.

11. Let z ∈ C . Show that the series
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converges toz/(1− z) if |z| < 1 , converges to1/(1− z) if |z| > 1 , and diverges if|z| = 1 .

12. Prove that every real sequence has a monotonic subsequence. Deduce the Bolzano-Weierstrass theorem.

13. Can we write the open interval (0,1) as a disjoint union of closed intervals of positive length?

14. Is there an enumeration ofQ asq1, q2, q3, . . . such that
∑

(qn − qn+1)2 converges?
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