Analysis I: Example Sheet 2 AFB, Lent 2006

Send corrections, comments etc. to afb@dpmms.cam.ac.uk

Given a sequence ai,ds,..., let s, =ay +--- + a,. We say
that the series ), a, converges to S when s, - .S as n — oo, and
that the sequence aj, as, ... is summable to S* when (s; +---+ s,)/n = S* as n — co.

1.

[ ]

[ ]

(a) Show that if )" a, converges to S, then ai,as,... is summable to S.

(b) By taking a, = (—1)" show that a;,as, ... may be summable even when »_ a, diverges.

It follows that the class of summable sequences includes (in an obvious sense) the class of convergent series
(with the same answer), and moreover, it extends the class of sequences that we can handle. You may now
ask why we don’t always work with summable sequences instead of convergent series!

2. The theory of infinite products biby -+, or [[7, b,, is more subtle than the theory of infinite sums.
Here is a start to the theory. It is natural to start with the definition that the infinite product bibsbs - - -
converges if the finite product by ---b,, converges as n — oo. This has the disadvantage that the infinite
product will converge whenever some b, is zero. Henceforth we shall suppose that b, # 0 for all n. Now
suppose that by ---b, does converge, say to B. Then

bi---bobnys B
n = V—_ — =1
i == 3 7B

as n — oo. This is the analogue of a, — 0 for a convergent series }_  ap.

For the rest of this question we suppose that ai,as,... are non-negative numbers, and we let
Sp=a1+ - +an, pn=(1+a1) - (1+an).

Use the inequality 1+ z < e® for positive z (and standard properties of the exponential function — which
will be derived later in this course) to show that s, < p, < e®~. Use this to prove the following

Theorem. Suppose that a, > 0 for all n. Show that Y., a, converges if and only if [[,~ (1 + an)
converges.

According to this result the infinite products

ﬁ(1+n21_1), 10 (1+1)

n=2 n=1

converge and diverge, respectively. Give direct proofs of these facts, and find the value of the first of these
infinite products.

Questions on upper and lower bounds

3.  Suppose that a subset E of R has a maximal element e (that is, z < e for every z in E). Prove
(formally) that lub E =e.

4. Let P(2)=(z2—a1)(z—a2)(z—a3)(z —a4) and Q(z) = (z —a1)(z —a2)(z —a3)(z — a4)(z — as) , where
a1 < as < az < ag < as. Determine which of the sets

{reR:P(z) <0}, {zeR:P(x)>0}, {zeR:Q(z)<0}, {zeR:Q(z)>0}

are (i) bounded above, (ii) bounded below. When one of these bounds exists, find the least upper bound or
greatest lower bound as appropriate.



5. Is the following assertion true or false?
A non-empty subset E of R is bounded above if and only if every non-empty subset of E is bounded above.

6. Let P be the parabola given by the equation y = 22 (so that = + iy € P if and only if y = 2?), and
let 2o =3+ 7i. Find glb{|z — 20| : z € P}.

7. Suppose that A and B are non-empty subsets of R. Show that if, for all @ in A, and all b in B,
a < b then lubA < glbB. Give an example in which lubA = glbB.

8. Suppose that A and B are non-empty sets of real numbers, each bounded above, and define
A+B={a+b:a€A beB}, AB={ab:a€ A, be B}.

Show that A + B is non-empty and bounded above. Is it true that lub (A + B) =1lub (4) + lub (B)? Show
that AB need not be bounded above. Is it true that if AB is bounded above then lub AB = lub A xlubB?

9. Let a, be a real sequence. Show that a,, — a if and only if for every pair of real numbers a and
with a < a < 3, there is an ng such that n > ng implies that a < a,, < .

[This definition of convergence uses only the ordering of R, and not the distance on R. Because of this, it
generalizes easily to give the appropriate definitions of x, — +oo and z, - —oco. For example, x, — +00
if and only if for every real a there is an ng such that n > ng implies z, > o]

Questions on continuous functions

10. Let E be a non-empty subset of C. Suppose that aq,...a, are complex numbers, and that fi,..., f,
are complex-valued functions that are defined and continuous at every point of E. Show that a1 f1+- - -+a, fn
is continuous at every point of E.

[Question 2 on Sheet 1 gives a set E, and functions fi, fa,..., each continuous on E, such that the infinite
convergent series y. | fn(2) is not continuous on E].

Deduce that if f(z) =32 (> amn2™y™, where z = z +1iy (with z and y real), and the a;; are real
numbers, then f is continuous on C.

11. In each of the following cases decide whether the function f, which is defined on R and has f(0) =0,
is continuous at 0. Justify your answers.
(a)  f(z) =zsin(l/z) when z # 0;

(b)  f(z) =sin(l/z) when z # 0;
() f(z) =(1/z)sin(l/z) when z # 0;
(d) f(z) ==z if z is rational, and f(x) = —z if z is irrational.

12. The ruler function f (compare the graph of f with the markings on a ruler in inches) is defined by

1/2% if z = p/2F for some odd integer p and some non-negative integer k,

1 if z is an integer,
flz) =
0 otherwise.

At which points is f (i) continuous, and (ii) discontinuous?

13.  Suppose that f : [a,b] — R is strictly increasing, and let E = [a,b] and f(E) = {f(z) : z € E}.
Show that

(a) f~': f(E) = E is continuous on f(F) regardless of whether f: E — f(E) is continuous or not;
(b) f: E — f(E) is continuous on E if and only if f(E) is an interval.




