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1 Martingales

1.1 Conditional probabilities and expectations

Let (2, F,P) be a probability space. Recall that, given an event B of positive probability,
we define the conditional probability P(.|B) by

p(ap) - PAND)

W, AGF.

The associated expectation is written E(.|B). If a random variable X is integrable (with
respect to ), then X is also integrable with respect to P(.|B) and the following formula

holds
E(X1p)

P(B)
In this course we will use also some further notions of conditional probability and condi-

tional expectation. These are associated not to an event B but to a sub-o-algebra G of F.
In general, these notions have to be approached indirectly, by the following theorem.

E(X|B) =

Theorem 1.1. Let G be a sub-o-algebra of F and let X be an integrable random variable.
Then there exists an integrable random variable Y with the following properties:

(a) Y is G-measurable,
(b) E(Y14) =E(X1,) forall A€ g.

Moreover, if Y’ is another integrable random variable satisfying (a) and (b), then Y =Y
almost surely. Moreover, the same statements are valid iof we replace ‘“integrable’ by ‘non-
negative’, meaning [0, 0ol-valued, throughout.

We call any such random variable Y (a version of) the conditional expectation of X

giwen G and we write
Y =E(X|G) almost surely.

In the case where G = o(Z) for some random variable Z, we also write Y = E(X|Z) almost
surely. In the case where X = 1, for some event A, we also write Y = P(A|G) almost
surely.

The following argument proves the uniqueness statement in Theorem 1.1, and also
establishes a useful monotonicity property. Let X’ be another integrable random variable
such that X < X’ almost surely. Suppose that Y’ is an integrable random variable which
satisfies (a) and (b) with respect to X’. Set A ={Y > Y’} and consider the non-negative
random variable Z = (Y — Y')14. Then, since A € G,

E(Y14) = E(X14) < E(X'14) = E(Y'1,)

so E(Z) =E(Y14) —E(Y'14) <0 and so Z = 0 almost surely, which implies that ¥ <Y’
almost surely. In the case X = X', we deduce by symmetry that Y = Y’ almost surely, as
claimed.



We will omit proof of the existence statement in Theorem 1.1. A proof may be found
in lecture notes for Advanced Probability. However, in the case where G is discrete, we can
construct a suitable random variable Y directly, as we now show. Consider the case where

G=0(B,:neN)= {UB ICN}

nel

for some sequence (B, : n € N) of disjoint events whose union is 2. Given an integrable
random variable X, set

Y =) E(X|B)lp,
neN
where we make the convention that E(X|B,) = 0 whenever P(B,,) = 0. Then Y is G-
measurable and, by monotone convergence,

E(IY]) = (Z\EXIB |1Bn) D E(B(X[B.)[15,) < Y E(IX[1s,) = E(|X]) < o0

neN neN neN

so Y is integrable. Moreover, for A = U,¢;B,, € G, by dominated convergence,

E(Y1,) = (YZ 1s, ) => E(Y1p,) =Y E(X[B,)P(B,) =Y E(Xlp,)=E(X1,)

nel nel nel nel

where we used |Y'| and | X | as dominating random variables for the second and last equalities
respectively. Hence Y has both properties (a) and (b) of Theorem 1.1, and we have shown
that
E(X|G) = Y E(X|B,)1p, almost surely.
neN
We now examine some general properties of conditional expectation.

Proposition 1.2. Let G be a sub-o-algebra of F and let X and W be integrable random
variables. Then

(i) E(E(X]|G)) = E(X),

) if X is G-measurable, then BE(X|G) = X almost surely,

(iii) of X is independent of G, then E(X|G) = E(X) almost surely,
) if X =0 almost surely, then E(X|G) > 0 almost surely,

(v) E(aX + W|G) = aE(X|G) + BE(W|G) almost surely, for all a, B € R.

Proof. Properties (i) to (iii) follow easily from the defining properties (a) and (b), while
(iv) follows from the monotonicity property shown above (take X = 0 and X’ = X). To
show (v), set Y = aE(X|G) + SE(W|G). Then Y is G-measurable and, for all A € G,

E(Y14) = aB(E(X|G)L4) + BE(E(W|G)14) = aB(X14) + BE(W 1) = E((aX + W)Ly
Hence Y = E(aX + fW|G) almost surely, as claimed. O
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Proposition 1.3 (Tower property). Let G and H be sub-o-algebras of F with H C G. Let
X be an integrable random variable. Then

E(E(X|G)|H) =E(X|H) almost surely.

Proof. Choose a version Y of E(E(X|G)|#H). Then Y is integrable and H-measurable.
Moreover, for all A € H,

E(Y14) = E(E(X|G)14) =E(X14)
where the second equality holds because A € G. Hence Y = E(X|H) almost surely. ]

Proposition 1.4 (Taking out what is known). Let G be a sub-o-algebra of F. Let X be
an integrable random variable and let Z be a G-measurable random variable such that ZX
1s integrable. Then

E(ZX|G) = ZE(X|G) almost surely.

Proof. ' Assume for now that X > 0. Choose a version Y > 0 of E(X|G). Consider first
the case when Z = 1p for some B € G. Then ZY is G-measurable and, for all A € G,

E(ZY14) = E(Y Lang) = E(X1ang) = E(ZX1y).

This extends to all simple G-measurable random variables by linearity. Suppose now that
Z is any non-negative G-measurable random variable. Define, for n > 1,

Zy=(27"[2"Z]) An.
Then Z,, is simple and G-measurable for all n so, for all A € G,
E(Z,Y14) =E(Z,X14).

Also 0 < Z, 11 Z asn — oo. Since X > 0 and Y > 0, we can pass to the limit n — oo
using monotone convergence to deduce that, for all A € G

E(ZY14) = E(ZX1,).

In particular, by taking A = €2, we see that if ZX is integrable then so is ZY . For a general
G-measurable Z with ZX integrable, we can apply the preceding to Z* = (&2) V 0 to see
that ZY is integrable and, by subtraction, for all A € G,

E(ZY14) = E(ZX1,).

Hence ZY = E(ZX|G) almost surely, as claimed. O

IText in blue is not examinable as bookwork in this course.



Proposition 1.5 (Averaging over independent variables). Let X1, Xy be random variables
taking values in the measurable spaces (E1, &), (Es, &) respectively. Let G be a sub-o-
algebra of F and suppose that Xy is G-measurable, while X5 is independent of G. Let F
be a non-negative measurable function on Ey X Ey. Then we can define a non-negative
measurable function f on Ey by f(x) = E(F(z, X3)) and we have

E(F (X, X2)|G) = f(X1), almost surely.

Proof. Define
A:{Bl XBQZBl 651 and BQ 652}.

Then A is a m-system (see Probability and Measure) and A generates the product o-algebra
E =& ®E. It is straightforward to check the desired conclusion when F = 15 with B € A.
Denote by D the set of elements of £ such that the conclusion holds for F' = 1g. Then
A C D and it can be checked that D is a d-system. Hence D is the whole of £. The
conclusion extends to the case where F'is a simple function by linearity, and then to the
case where F' is any non-negative measurable function by monotone convergence. [

1.2 Definitions

Suppose given a measurable space (2, F). A filtration is a family of o-algebras (F;,),>0 on
Q such that F,, C F,,1 C F for all n. A random process is a family of random variables
(Xn)nso on (Q, F). We say that (X,,)n>0 is adapted (to (Fy)ns0) if X, is F,,-measurable
for all n. Define

FX=0(Xp:0<k<n).

We call (FX),>0 the natural filtration of (X,,),>0. We think of a filtration as representing
the emergence of information over time. In particular F= contains all the events deter-
mined by the process (X,,),>0 up to time n.

Suppose now that (€2, F,P) is a probability space, which is equipped with a filtration

(Fn)n=0- We say that a random process (X,,)n>0 is a martingale if, for all n,

(a) X, is F,-measurable,
(b) E(|Xal) < oo,
(¢) E(X,41|Fn) = X,, almost surely.

When (b) holds, we say that (X,,),>¢ is integrable. Condition (c) is known as the martingale
property. Thus, in short, a martingale is an adapted integrable process which satisfies the
martingale property. The martingale property can be expressed in terms of (unconditional)
expectation as the requirement that

E(Xp41 — Xp)1la) =0 forall A e F,.



Indeed, it suffices that this relation holds for all A in some 7-system generating JF,,.
If conditions (a) and (b) hold and, for all n,

E(X,41]Fn) < X, almost surely

then we say that (X,,),>0 is a supermartingale. Similarly, if conditions (a) and (b) hold
and, for all n,
E(X,41|Fn) = X, almost surely

then we say that (X,,),>0 is a submartingale.

Any martingale is also a martingale in its natural filtration. When we refer to a mar-
tingale without specifying a filtration, the natural filtration is understood by default.

All the above notions have continuous-time analogues, which are mostly obtained simply
by writing ¢ for n, with the convention that ¢ € [0,00) where we had n € Z*. Given a
filtration (F;)s=0, we say that (X;):>0 is a martingale if it is adapted, integrable and satisfies,
for all s,t > 0 with s < t,

E(X:|Fs) = X5 almost surely.

The supermartingale and submartingale properties are modified similarly. We say that
(X¢)e=0 s continuous if the map

t— Xi(w):[0,00) > R

is continuous for all w. These notions will be relevant when we come to look at Brownian
motion, which is itself a continuous martingale.

1.3 Examples

Let (X, )n>1 be a sequence of independent identically distributed random variables. Set
Fo={0,Q} and for n > 1 set F,, = 0(X1,...,X,). Set So =0 and Z; = 1 and define for

n=>1
So=> Xi, Zn=]]X
k=1 k=1

In the case where X; is integrable with E(X;) = 0, the process (S,)n>0 is a martingale.
On the other hand, in the case where X; > 0 with E(X;) = 1, the process (Z,),>0 is a
martingale. We call (S,,),>0 an additive martingale and (Z,,),>0 & multiplicative martingale.

Further examples arise in connection with Markov chains. Let (X,,),>0 be a Markov
chain with countable state-space S and transition matrix P. Set F, = o(Xo,...,X,).
Given a bounded or non-negative function f on S, we set

Pi(x) =3 punf ).

yes

Then
E(f(Xp41)|Fn) = Pf(X,) almost surely.
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We say that f is subharmonic if f(z) < Pf(x) for all .
Suppose that f is subharmonic and define M,, = f(X,,). Then

E(Mu1|Fn) = Pf(X,) = f(X,) = M, almost surely

so (M,)n>0 has the submartingale property.

1.4 Optional stopping
We say that a random time 7' : Q — {0,1,...} U {oco} is a stopping time if, for all n,
{T <n}eF,
Theorem 1.6 (Optional stopping). Let (M,),>o0 be a martingale and let T be a bounded
stopping time. Then E(My) = E(M,).

Proof. We can choose n so that T' < n. Then

My = (My — My_y) + -+ + (My = Mo) + My = My + > _(My, — My_1)Ljiery.
k=1

Since T is a stopping time, {k < T} = {T < k—1}¢ € Fy_; for all k. Then, since (M,,)n>0
is a martingale,
]E(Mkl{kgT}) — E(Mk_l]_{kgT}>.

Hence

E(Mr) = E(Mo) + Y B((Mi — Mi—1)lirery) = E(Mo).

]

This is also called Doob’s optional sampling theorem. We have stated the basic form
of the result. We now show an extension to unbounded stopping times under additional
conditions.

Theorem 1.7. Let (M,,)n>0 be a martingale and let T' be an almost surely finite stopping
time. Suppose that, for some constant C < 0o, one of the following two conditions holds:

(a) |M,| < C foralln <T,
(b) E(T) < o0 and |M,, — M, 1| < C forall n € {1,...,T}.
Then E(Mr) = E(My).



Proof. Since T is a stopping time, T' A n is a bounded stopping time for all n so, by the
optional stopping theorem,
E(M7pn) = E(My).

Hence, it will suffice to show that E(Mrpn,) — E(Mr) as n — oo. Since T is almost
surely finite, we have Mp,, — My almost surely as n — oco. Condition (a) implies that
|Mpan| < C for all n, so the desired limit holds by bounded convergence. On the other
hand, condition (b) implies that |Mpa,| < |Mo| 4+ CT for all n, so the desired limit holds
by dominated convergence. ]

It is instructive to consider two simple examples where the optional stopping theorem
does not apply. Consider first the additive martingale S, = 3 ,_, X}, associated to a
sequence of independent identically distributed random variables (X,),>1, with

P(X;=1)=P(X; =-1)=1/2.
Set
T =min{n >0:5, =1}.

Then (Sy)n>0 is a simple symmetric random walk, which is recurrent, so 7' < oo almost
surely. But

so the conclusion of the optional stopping theorem is false.
Consider now the multiplicative martingale Z,, = [[,_, Xj associated to a sequence of
independent identically distributed random variables (X}, ),>1, with

P(X;=0)=P(X; =2) =1/2.
Set
T =min{n >0: Z, =0}.

Then E(T") = 2. But
E(Zr) =0# 1= Z,

so the conclusion of the optional stopping theorem is again false. In this and the preceding
example, one of the conditions in hypothesis (b) above holds, but not the other.
Here is a further variant of the optional stopping theorem.

Theorem 1.8. Let (M,),>0 be a martingale and let T be a stopping time. Then the stopped
process (Mpan)n=o0 1S also a martingale.

Proof. Note that

Mrpn = Mo+ > (My = My_1)Lirspy
k=1



and, since T is a stopping time, {T' > k} = {T < k—1}° € Fr_1. Since (M, ),>o is adapted
and integrable, this makes it clear that My,, is F,-measurable and integrable for all n.
Now

MTA(n+1) — Mrppn = (Mn+l - Mn)l{T>n+1}

so, by taking out what is known,
E(Mrami1y — Mran|Fn) = Lrsniy B(My 1 — M, | F,) = 0.
Hence (Mran)n>0 has the martingale property. O
We say that a random process (H,),>1 is previsible if H, is F,_j-measurable for all n.

Theorem 1.9 (Martingale transform). Let (M,),>0 be a martingale and let (H,),>1 be a
bounded previsible process. Define a new random process (Yy)n=o0 by

Yo=0, Yo=Y Hu(My— M), n>1
k=1

Then (Yy)nso0 is also a martingale.

Proof. Since (M,,),>0 is adapted and integrable, it is clear from the definition that (Y},),>0
is also adapted and integrable. Now

Yot = Yo = Hyp1 (M1 — M,)
and H,., is F,-measurable so, by taking out what is known,
E(Y,i1 — Y| Fn) = Hy BE(M, 01 — M, |cF,) = 0.
Hence (Y},)n>0 also has the martingale property. O

The process (Y, )nso is called the martingale transform of (M,),>0 by (H,)n>1.- Note
that the proofs of Theorems 1.8 and 1.9 use essentially the same argument.

The optional stopping theorem and its variants may be interpreted in terms of an
investor who is able to buy and sell a risky asset. We model the price of the asset by
the martingale (M,,),>0. Suppose that the investor holds one unit of the asset at time 0
and wishes to sell it by time n. The investor is free to choose when to sell, based on the
information available at the present time, that is, at any stopping time T of the filtration
(Fn)nso. Then the optional stopping theorem shows that the expected return E(Mr) is
the same no matter what stopping time is chosen. More generally, we may suppose that
the investor is free to buy or sell any number of units in each time period, again based on
information available at the start of the period. The amount Hj held between times k£ — 1
and k will then be Fj_;-measurable, so defining a previsible process, and the total gain by
time n is then given by Y,,. Theorem 1.9 shows that no bounded previsible strategy results
in an expected gain or loss.
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2 Pricing contingent claims

2.1 Multi-period asset price model

Consider a discrete-time random process (S, )ocncr in R defined on some probability
space (€2, F,P) and adapted to a filtration (F,)ocn<cr. Write

S, = (5%, 82,..., 84 = (S°,S,).

We assume that (S2)o<n<r is a numéraire, that is to say, S° > 0 for all n. Then we call
(Sp)o<n<r an asset price model.

We use this set-up to model the evolution over time of d + 1 assets, interpreting S¢ as
the price at time n of the ith asset. There are T time periods: 0 to 1, 1 to 2 and finally
T—1toT. Thus S! — S’ | is the change in price of the ith asset over the nth time period.

We will be interested not so much in the absolute prices S, but in the discounted prices
X' given by

X =5,/85,

and we write B
X, = (X0 X! . XH=(1,X,).

Often, (SY)o<n<r will be interpreted as a bond or bank account. In this case, we will write
52 =(1+ Tn)Sg—l

and call r,, the interest rate.

We often take (F,,)ocn<r to be the filtration generated by (S, )o<n<r and take F = Fr.
In that case, if say (S%)o<n<r is a given deterministic process, and the prices of the other
risky assets take only a countable set of values, then we will be able to specify P completely
by specifying the probabilities P(Sy = sg, S1 = s1,...,Sr = sr) for all possible sequences
(Sn)OénéT in Rd.

Let (0,)1<n<r be a random process in R, Write

0, = (6°,0%,...,6%) = (6°,6,).

n»’n?

We use such a process to model a portfolio held by an investor, where 6/, is the number of
units of asset ¢ held in the nth time period, allowing the possibility that this number may
take any real value. We say that a portfolio is self-financing if

0,,.S, =0,.1.58, forn=1,...,T—1.

This expresses that no funds are added or withdrawn from the portfolio at time n, it is
simply rebalanced between the d 4+ 1 assets. We associate to a self-financing portfolio its
value process (Vy,)o<n<r given by

Vo=0,.Xy, V,=0,X, forn=1,...,T.

11



Thus V,, is the total (discounted) value of the portfolio at time n.

We say that a portfolio is previsible if 6, is F,,_;-measurable for all n. This is a natural
condition, since it expresses that 6, depends only on what is known at the start of the nth
period, that is, at time n — 1.

Proposition 2.1. Let (0,,)1<,<r be a previsible process in RY and let Vo € R. Then there is
a unique previsible process (0°)1<p<r in R such that (0,)1<n<r is a self-financing portfolio
with wnitial value Vy. Moreover, the value process of this portfolio is given by

T
Vr=Vo+ Y 0n (X — Xu1).
n=1

Proof. The equations 0,.Xo =V, and 0,,.S,, = 9_n+1.5n forn=1,...,T — 1, which express

that the portfolio (0,)1<,<r has initial value V4 and is self-financing, may be written in the
form

00+ 0, X9 = Vo, 6°5°46,.5,=0°,5+06,,,.5, forn=1,. T-1

and then solved uniquely to obtain a previsible process (6°)i<,<r. Then, since X? = 1
for all n, the value of the resulting portfolio changes by 6,.(X,, — X,,_1) over the nth time
period, giving the claimed formula for V by induction. ]

2.2 Contingent claims

By a contingent claim of maturity T" we mean any non-negative JFp-measurable random
variable. We think of the contingent claim C' as a contract which pays the investor the
amount C at time 7. The fact that the contract is always exercised at the given time T’
can be emphasised by referring to it as a Furopean contingent claim.

Here are some simple examples in the case d = 1 of one risky asset:

(a) (S — K)* is the call with strike price K, which can be understood as the right but
not the obligation to buy one unit of the asset at time T for price K,

(b) (St — K)~ is the put with strike price K, which can be understood as the right but
not the obligation to sell one unit of the asset at time 7" for price K.

Calls and puts are also called options, emphasising the option to buy or sell. The following
are examples of ezotic options, depending on the entire path (Sy)o<n<r. They are both
examples of barrier options which are knocked out or knocked in when the price hits or
passes a given barrier B.

(¢) The up-and-out callis a call which is knocked out at level B, given by

O — (ST - K)+> if maxo<n<r Sn < B,
0, otherwise.

12



(d) The down-and-in put is a put which is knocked in at level B, given by

O — (ST — K)i, if minogngT Sn < B,
0, otherwise.

It is an important problem to find a way to value contingent claims. A natural way
to do this, for claims based on an asset price process with a known distribution is to take
as value the expected payout relative to the numéraire, given by E(C/S%). In practice,
the distribution of an asset price process may however not be known, or different investors
may have different beliefs about the distribution. We will explore instead the notion of
no-arbitrage pricing, which is more robust to our assumptions about the asset price model.

2.3 Equivalent probability measures

We say that a probability measure P on (Q, F) is equivalent to P, and we write P~ P, if
there exists a random variable p with values in (0, c0) such that

P(A) =E(pls) forall Ae F.

Note that P(A) = 0 whenever P(A) = 0. We leave as an exercise to check that any two
random variables p in (0,00) with this property are equal P-almost surely. We call p a
density for P with respect to P and write

dP = Imost 1
P p almost surely.

By a standard argument of measure theory, the expectation E associated with P is given
by .
E(X) = E(pX)

for all non-negative random variables X. We leave as an exercise to check that the relation
P ~ P is symmetric and transitive, with

dP
— =1/p almost surely.

dp

2.4 Arbitrage

An arbitrage is a risk-free profit available in the market. The principle of no arbitrage
states that prices in the market do not allow this. In mathematical terms, for an asset price

model (S,,)o<n<r, by an arbitrage we mean a previsible self-financing portfolio (6,,)1<n<r
with initial value Vi = 0 such that

Vr > 0  almost surely

13



and

Vr > 0 with positive probability.
An arbitrage for (S, )ocncr thus delivers a positive return with no downside risk. The
value process (V;,)ocn<r depends on (S, )ocner only through (X, )ocn<r, and it depends
on (én)]_gng’]’ only through V4 and (60,,)1<,<r. We will therefore allow ourselves to refer to
(0n)1<n<r as an arbitrage for (X, )o<n<r when Vi satisfies the given conditions.

Note that the notion of arbitrage depends only on the equivalence class of the proba-
bility measure PP.

If there is no arbitrage for (S, )o<n<r, then we say that (S,)ocncr (0 (Xi)ocner) 18
arbitrage free. This is considered a reasonable modelling assumption, on the grounds that
the other investors in the market would not collectively give away such a return, even if
they held different views about the evolution of the asset prices.

Note that, if (X,,)o<n<r is @ martingale and (6,,)1<n<7 is @ bounded previsible process,
then the martingale transform

T
Ve = 0,.(X, — X, 1)
n=1

is integrable and E(Vr) = 0. Hence, if V3 > 0 almost surely, then Vi = 0 almost surely, so
(0n)1<n<r is not an arbitrage. This shows that if the discounted price process (X, )o<n<r
is a martingale then there is no bounded arbitrage.

In fact, by the following more elaborate argument, even unbounded processes cannot
give an arbitrage in this case.

Proposition 2.2. Let (X,,)ocn<r be a martingale in RY. Then (X, )o<n<r is arbitrage free.
Proof. Let (6,)1<n<t be a previsible process in R? and set
Vo= 0 (X — Xp1).
k=1

Suppose that Vr > 0 almost surely. We have E(Vy|Fr) = Vr almost surely. Suppose in a
backwards induction for n < T' that V,, = E(Vy|F,) almost surely. We have

Vi = Voot +60,.(X, — Xoq).
Fix R < oo and set A = {]0,| < R and |V,,_1| < R}. Then A € F,,_; and
1AV - 1AVn71 —|— 1A9 (X - anl)-

Since V,, = E(Vr|F,) = 0 almost surely and 14|V,,—1| < R and 14]6,,| < R, we can take
the conditional expectation on F,,_1, taking out what is known, to obtain

LAE(V, | Fre1) = 14Vt + 140, E(X, — X1 |Fro1) = 14V, almost surely.
But R was arbitrary and |6,,| and |V,,_;| are almost surely finite, so we must have
Vo1 = E(V,|Faz1) = E(Vp|Fu—1)  almost surely

and the induction proceeds. In particular, we see that E(Vr|Fy) = Vo = 0 almost surely,
so E(Vy) = 0 and so Vp = 0 almost surely. Hence there is no arbitrage. ]
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2.5 Fundamental theorem of asset pricing

The following theorem shows a useful property, namely the existence of an equivalent mar-
tingale measure, which characterizes asset price models constrained by the assumption of no
arbitrage. Let (S, )ocncr be an asset price model in R¥?1. Recall that X,, = (X}, ..., X9)
where X! = S?/S9 for all i. We say that a probability measure P on F is an equivalent
martingale measure if P ~ P and (Xn)o<ne<r 1s @ martingale under P. The term risk-neutral
measure is also used in this case.

Theorem 2.3. The following are equivalent:

(a) (Sn)o<n<r has no arbitrage,
(b) (Sn)ocn<r has an equivalent martingale measure.

We will prove this for the single-period case with non-random initial conditions. A
proof of the general case is given in the Appendix.

Proof of the fundamental theorem in the case T =1 and Fy = {0, Q}. Define a random vari-
able Y in R? by setting Y = X; — Xj, where X,, = S,,/S° for n = 0,1. Given a previsible
self-financing portfolio  with initial value 0, set @ = #; and note that § € R and V; = .Y’
Hence we can reformulate the theorem in this case as the equivalence of the following state-
ments for a random variable Y in R,

(a) there exists no € R? such that 0.Y > 0 almost surely and .Y > 0 with positive
probability,

(b) there is an equivalent probability measure P for which Y is integrable with ]E(Y) =0.

Suppose (b) holds. Then E(.Y) = 0 for all # € R%, so if .Y > 0 almost surely then
0.Y = 0 almost surely. Hence (a) holds.

Suppose on the other hand that (a) holds. It will suffice to consider the case where all
exponential moments of Y are finite. For, if this does not already hold, we can replace P by
the equivalent probability measure P given by dI@’/ dP e 1Y1*, for which the exponential
moments of Y are all finite.

Define ¢ : RY — (0, 00) by ¢(0) = E(e?Y). Then ¢ is differentiable and

¢ (0) = E(YelY).

We will show that ¢ achieves a minimum value at some 6* € R?. Given such a 0*, we can
define an equivalent probability measure P by dP/dP = €Y /Z, where Z = ¢(0*). Then

E(Y]) =E(Y|e"")/Z <00, E(Y)=E(Ye")/Z=¢(0")/Z=0.

Hence (b) holds.
Write R? as an orthogonal direct sum Ey @ E;, where

Ey={0 €R*:0.Y = 0 almost surely}.
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Then ¢(6y + 61) = ¢(01) for all 6y € Ey and 6, € E,. Hence it will suffice to show that ¢
achieves a minimum on E;. Since ¢(0) = 1, it will then suffice to show that ¢(f) > 1 for
all § € Fy with |0] sufficiently large.

Set ¥ (t) = 0Vt A1 and define f(0) = E((0.Y")). Then ® is Lipschitz on R of constant
1 and f is continuous on R? by bounded convergence. Define S = {6 € E; : |0] = 1}. For
0 € S, we have P(6.Y #0) > 0 so P(6.Y > 0) > 0 and so f(f) > 0. Set

1
€= §inf{f(9) :0 €S}
Then € > 0 because S is compact. Then, for all 6 € S,
POY 2e)=PO.Y —c>20)2E@@.Y —¢)) 2E@W0.Y)) —c=f0) —c >«

Hence we obtain ¢(tf) > ce® > 1 for all t > (1/¢)log(1/¢e), as required. O

2.6 Pricing attainable claims

Let C be a time-T contingent claim. Write D = C'/S% for its discounted value. We say
that C' is attainable or replicable if there is a previsible self-financing portfolio (én)lgng’f
such that C' = 07.S7. Equivalently, C (or we sometimes say D) is attainable if there exists
an JFy-measurable random variable 1 and a previsible process (6,,)1<n<7 in R? such that

T
D=Vo+ Y 0n(Xy— Xpo1).

n=1
Then Vj is called the fair price for C' and (6,,)1<n<r is called a replicating portfolio. We
also call (6,)1<n<r a hedging portfolio: it allows the seller of the contingent claim C' to
deliver it at time T by investing Vj suitably in the available assets at time 0, and shifting
the portfolio among the assets according to (6,,)1<p<7 until time 7. Note that anyone who
sells the claim C' at time 0 for a different price to V; allows other investors to make risk-free

profits by replicating C' or —C' in the market.

Proposition 2.4. Assume that Fy = {0,Q} and Fr = o(S1,...,Sr). Let C be an at-
tainable time-T contingent claim and suppose that P is an equivalent martingale measure.
Then the fair price Vi for C is given by

Vo =E(C)/S}.
Proof. Since C is attainable, there is a previsible process (6, )1<n<r such that
T
D=C/Sy=Vo+ Y 0n(Xp — Xp1).
n=1

Then, since D > 0, the argument used in the proof of Proposition 2.2 shows that ]E(D) =
V. ]
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2.7 Pricing non-attainable claims in a single-period model

Consider a single-period asset price model (Sy,S;) without arbitrage. Let us consider
possible time-0 prices Cy for a time-1 contingent claim C;. Write X,, = S,,/S? as usual
and set C = (Cp, C1). We can think of (S, C) itself as a single-period model. Let us say
that the price Cy presents no arbitrage for C; if there is no # € R? such that, either

OO < CI/S? + 9<X1 — Xo) a.s. and CO < Cl/S(lJ + 9(X1 — X()) W.p.p.

or

Co>C1/S)—0.(X; — Xy) as. and Cp>Cy/SY+6.(X1 — Xo) w.p.p.

It is straightforward to check that this is a reformulation of the property that (S, C) has
no arbitrage. Hence, by the Fundamental Theorem, there exists an equivalent martingale
measure P for (S,C). Note that such measures are precisely the equivalent martingale
measures P for S such that E(Cy)/S? = C,. Note also that, since any convex combination
of equivalent martingale measures for S is itself one, the following set is an interval

I(Cy) = {E(C})/S? : P an equivalent martingale measure for S}.
We have shown the following result.

Proposition 2.5. Under the above conditions, the price Cy presents no arbitrage for C
if and only if Cy € 1(Ch).

2.8 Completeness

We say that an asset price model (S,,)o<n<r is complete if all time-T" contingent claims are
attainable. We will identify a class of complete models in the next section.

Proposition 2.6. Assume that Fo = {0,9Q} and Fr = o(S,,...,Sr). Assume further that
(Sn)o<n<t is complete and that the numéraire is non-random. Then there is at most one
equivalent martingale measure on Fr.

Proof. Let A € Fr. Then 14 is a contingent claim, so 14 is attainable, with fair value
Vo(A) = v(A)/SY say. Then, by Proposition 2.4, P(A) = v(A) for any equivalent martin-
gale measure. ]

2.9 Binomial model

Fix parameters r,a,b € (—1,00), p € (0,1) and Sy € (0,00), with @ < b. We say that
(5%, S, )ocnsr is a binomial model with interest rate r and parameters a < b and p if

SO= 147", Sy

So [J(1+ Rx)
k=1



where Ry, ..., Ry are independent identically distributed random variables with
P(Ry=a)=1—p, P(R,=0)=p.
This is also called the Coz—Ross—Rubinstein model. Assume that F = Fr = o(Ry,..., Rr).

Proposition 2.7. A binomial model with interest rate r and parameters a < b and p has
an arbitrage unless r € (a,b).

Proof. Consider the self-financing portfolio (én)lgngT with V5 =0, 6; = 1 and 60,, = 0 for

n > 2. Then
50(1 -+ Rl) R1 - T
T 1 0 T 0= 207,
If r < a, then Vy > 0 and Vi = So(b —7)/(1 + 1) > 0 with probability p, so (6,)1<n<r is
an arbitrage. On the other hand, if 7 > b, then V7 < 0 and Vi = —Sp(r —a)(1 +7) <0
with probability 1 — p, so (—0,)1<n<r is an arbitrage. O

Proposition 2.8. Let (S2, S, )oc<n<r be a binomial model with interest rate r and parame-
ters a < b and p. Suppose that r € (a,b) and define p* € (0,1) by

r—a
b—a

*

p

Consider the equivalent probability measure P* on F given by

AP+ B p_* Ur 1—p* Dr

aP  \ p 1—p

where Ur = (T + St)/2 and Dy = (T — St)/2. Then, under P*, the random variables
Ry, ..., Ry are independent and identically distributed, with

P(Ri=a)=1—-p", PR, =0b)=p".
Moreover, the discounted price process (Xy)o<n<r 1S @ martingale under P*.

Proof. Note that r = (1 — p*)a + p*b. We have

n k=1
and
B 1+R\ (A-p)1+a)+p(1+b 1+(1—-pa+pd )
1+7r ) 1+7r N 1+r -
Since the random variables Ry, ..., Ry are independent and identically distributed under
IP*, this implies that (X,,)o<n<r is a P*-martingale. ]
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Note that Propositions 2.2 and 2.8 show that the binomial model has no arbitrage for
€ (a,b). We will show in Proposition 2.10 that the binomial model is also complete.
Hence, the fair price V; of any contingent claim of the form C' = f(S7) is given by

E*(C) )T )Tk k T—k k
= (1 * 1 14+0)%).
Vo= ey = (147) Z() P F (Sl + )" (1))
More generally, given a contingent claim C' = f(Sp, Si,...,Sr), its fair price at time 0 is
given by
E*(C)

0= :(1+T)7T2f(507517-~~75T>]P)*(Sl:317~~->ST:5T>

(1+7)7
where we sum over the 27 possible paths (s, )o<n<r starting from Sy and
P*(Sy = s1,...,S7 = sp) = (1 — p*) T Fp**

where k = {n € {1,...,T} : s, = (1 + b)s,_1}|. It is sometimes efficient to organize this
calculation over a tree. Set

fT(SQ, ey ST) = f(So, ey ST)

and carry out the backwards recursion for n <7 — 1

fn(80, -y 8n) = (L= p") fag1(So, - - - s S, (L4+a)sn) + 0" fat1(So, - - -5 Sn, (L4 0)sp).

The nodes of the tree are the partial paths (s,...,s,), each with two upward edges to
(S0 --s8n, (1 +a)s,) and (So,...,Sn, (1 +0b)s,). We start with the values at the leaves
(S0,--.,s7) and compute down the tree to the root sg.

Proposition 2.9. Forn =0,1,...,T, almost surely,

E*(f(Sor - 1)) = fulSor- - )

and in particular
E*(C) = fo(So0)-

Proof. The claim holds for n = T. Let n < T — 1 and suppose for a reverse induction that
the claim holds for n + 1. Fix s, ..., s, and define A = {Sy = s, ..., S, = $,}. Then

E*(f(So, .., ST)|A) = E*(fasr(So, .- -, S Ss1)|A)
= (1 =p") fur1(S0y -y Sn, (L +a)sp) + P frnr1(Sos- -y Sn, (L +0)sp)
= fn(S0,---,80) = E*(fu(So, ..., Sn)|A).

Now f,,(So, ..., S) is F,-measurable, and every element of F,, is a finite union of such sets
A. Hence, almost surely,

E*(f(So, ..., S7)|Fn) = Fu(So,- .., Sn)

and the induction proceeds. O]
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We now show completeness for the binomial model by identifying a replicating portfolio
for a general contingent claim C' = f(Sy,...,Sr). Define

fn(SO) <oy Sp—1, (1 + b)snfl) - fn(307 <oy Sn—1, (1 + CL)Snfl)

A cey Spo1) =
n(307 » Sn 1) (1 + T')Tfn(b — G)Snfl

I IOpOSitiOIl 2.10. The contmgent claim C = f(SO, RN ST) has a T’eplz'catz'ng PO thlZO
(6n)1<ng1 gifl)en by l
6n—An(So,...,Sn 1)_

Proof. Define, forn =0,1,...,T,

_ B (C]F)
=

Fix a path (sg, s1,...,S,—1) starting from Sy, set ¢(z) = fu(So,- -, Sn—1, (1 + )s,_1) and
consider the events

Qo={S1=s51,...,Sn1=5n1}, Qa=QN{R,=0a}, Q=0 N{R, =0}

On €,, we have

S8 il ose) (1= p0la) + 9760
T (L+7)" (L+7)"
" (6(a) — 6(0)
p*(¢la) —
Vi, =V, =
' (1+n)7T
and .
X, — X, | = —HLXn,l — X, = M
L+ (147r)n
” o(b) — 6(a)
a—r — ¢(a
0.(X,—X,1)= =V, — Va1
( 2 (b—a) (14 r)T !
By a similar calculation, the same identity holds on €2,, and hence everywhere, since
S1,...,Sp_1 are arbitrary. On summing over n, we obtain
T
D=Vo+ > On(Xn— Xpo1).
n=1
showing that (6,,)1<n<r is a replicating portfolio for C, as claimed. O
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2.10 Pricing barrier options for a special binomial model

A reflection trick allows to obtain the joint distribution of a simple random walk and its
maximum.

Proposition 2.11. Let (W,)o<n<r be a simple random walk on the integers starting from
0, with P(Wy = 1) = p. Set My = maxocp<r Wy Then, for all integers m,k > 0, with
kE<T and 2k —T <m < k,

T T
P(Mr = dWr=2k-T) = — F(1—p)Th
= (1) (2o
Proof. Write E for the set of paths taken by the random walk. Thus
E ={w = (wn)ocn<r : wo =0 and w, =w,_y £ 1 forn=1,...,T}.

Consider the map ¢ : F — E which reflects about level m the portion of the path (if any)
after it first hits level m. Then ¢ o ¢ is the identity, so ¢ is a bijection. Define

A={we F: max w, > m and wyr =2k — T}.

o<n<T

Then
o(A)={we E:wpr=2m—2k+T}.

Al=tol = (1)

Hence

k—m

But the walk takes every path in A with equal probability p*(1 — p)T=*. Hence
T
P(Mp>=2mand Wp =2k —-T) = (k )pk(l—p)T_k
-m

and the result follows by subtracting the corresponding formula for m + 1. ]

In the special case where (1 + a)(1 + b) = 1, we can realise the binomial model as a
function of a simple random walk (W,,)o<n<r On the integers by setting

S, = S()(l + b)W".

Assume that the interest rate r € (a,b) and set p* = (r — a)/(b — a) as usual. Proposition
2.11 then gives an explicit formula for the fair price at time 0 of any contingent claim of
the form

C=F (ST, max Sn)

o<n<T

which is given by



2.11 American calls and puts

An American call of expiry T confers the right but not the obligation to buy one unit
of the underlying asset (S;)o<n<r for price K at any stopping time 7 < T' chosen by the
holder. An American put of expiry T confers the right but not the obligation to sell one
unit of the underlying asset (S;)o<n<r for price K at any stopping time 7 < 7' chosen by
the holder.

American options are not simple contingent claims such as discussed above, since the
stopping time can be chosen by the holder, so the no-arbitrage pricing theory does not
apply in general. However, if the asset price model is complete and arbitrage-free, then
the holder of the option can never do better than choose the stopping time 7 to maximise
E*(C,/S?), where E* denotes expectation under the unique equivalent martingale measure.
This is because any difference Cy, /S — C;,/S? can be replicated in the market for an
initial cost of E*(Cy, /S ) — E*(C.,/S?2)). Hence, in this context, the pricing of American
calls and puts reduces to the problem of maximizing E*(C,/S?) over 7.

We will consider the pricing of these options when (S,,)o<n<r is a binomial model of
parameters a < b with interest rate r € (a,b). Write, as usual, P* for the equivalent
martingale measure, corresponding to the parameter choice p* = (r — a)/(b — a).

Consider first the American call. Fix a stopping time 7 < T and fix n € {0,1,...,T}.
Note that

E*(Sr|F,) = (1 +7)""S,, almost surely.

Consider the event
A={S; > K and 7 = n}.

Then
E*(Crli—pny) =2 E*((Sr — K)14) = E*

=E (1478, — K)1,)
> E

(14 1)1 "(Sy = K)1a) = E*(Crlirey)
On summing over n, we see that E*(Cr) > E*(C,). Hence the choice 7 = T is always
optimal, making the American and European calls equivalent.

In order to find the fair price Vj of the American put, we must solve the following
optimal stopping problem: maximize

E* ((1 + )T (K — ST)+)
over all stopping times 7 < T. At each time n € {0,...,T — 1}, the investor has two

possible actions: to stop, receiving reward (1 +r)T~"(K — S,,), or to continue. If he has
not already stopped, at time T he receives a reward of (K — S7)*. Define

E,={Sy(1+a)" *(1+b)*:k=0,...,n}.
The Bellman equation for this problem is then
v(T,z) = (K —x)", forze€ Er,
v(n,z) = max{(1+7)"""(K —2),(1 —pv(n+1,2(1 +a)) +p*v(n+1,2(1 + b))},
forre B, andn=0,...,T —1.

(
(

22



This can be solved by backwards recursion to find v(0, Sp). Then

Vo = sng*((l + ) (K — S.)T) = v(0, Sp)

and the optimal stopping time 7 is the smallest n € {0,1,..., 7} such that

(14+r)T"K - S,)" =v(n,S,).
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3 Brownian motion

3.1 Definition and basic properties
A real-valued random process (B;);>o is said to be a Brownian motion if By = 0 and

(a) for all s,t > 0, the random variable B, ; — B is Gaussian, of mean 0 and variance
t, and is independent of o(B, : r < s),

(b) for all w € Q, the map ¢t — B(w) : [0,00) — R is continuous.

We sometimes replace the condition By = 0 by By = x, when we will refer to (B;)i>o as a
Brownian motion starting from x. We often write P, and [E, in this case as a reminder. If
the starting point is not mentioned, then the default is always to start at 0.

Proposition 3.1. Let (B;)io be a continuous random process starting from 0. Then the
following are equivalent:

(a) (By)iso is a Brownian motion,
(b) (Bt)i=o is a zero-mean Gaussian process with E(BsB;) = s At for all s,t > 0.

Proof. Suppose (a) holds. To see that (B;)i>o is zero-mean Gaussian, it suffices to note
that, for 0 =tg <ty < ...t,, the random variable (By,, ..., B,) is a linear function of the
independent zero-mean Gaussian random variables (By, — By,, ..., B, — By, _,) and hence
is Gaussian. For the covariance, we have, for s < t,

E(B,B;) = E(B) + E(By(B; — B;)) = s

since B; ~ N(0,s) and B; — By is independent of B;. Hence (b) holds.
Suppose on the other hand that (b) holds. Then, for s, > 0, Byt — Bs is a zero-mean
Gaussian and
E((Bsyt — B)®) = (s +t) —2s+s =1
so By — By ~ N(0,t). To show that By, — By is independent of o (B, : r < s), it suffices
by a result from Probability and Measure to show that it is independent of (B,,,..., B, )
forall nand all 0 <7 < ... <7, < s. Then, given that (By);so is zero-mean Gaussian, it

suffices to note that
E(B,,(Biws — Bs)) =0

for all k. Hence (B;);>o is a Brownian motion. O
The following proposition is left as an exercise.

Proposition 3.2 (Scaling property). Let (By)i=o be a Brownian motion and let ¢ € (0, 00).
Set B = ¢"1B,2,. Then (B0 is also a Brownian motion.

Proposition 3.3. Let (B;)i=0 be a Brownian motion. Then (By)iso exits every finite
interval almost surely.
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Proof. Fix an interval I, of length L say. Consider the sequence of independent events
(Ay)n>1 given by
A, ={|B, — B,_1| > L}.

Then P(A,) = p for all n, where p =P(|B;| > L) > 0. Then, by independence,
P(AjU---UA,)=1—(1-p)".

So P(U,A,) = 1. But, on A, if (B;);>0 has not left I by time n — 1, it must do so by time
n. Hence (B;)i>o leaves I almost surely. O]

Write F; = 0(B; : s € [0,t]). A random time T : Q — [0, 00] is a stopping time if
{T' <t} eF forallt.
Write Fr for the set of events A € F,, such that

An{T <t} e F forallt.

We will need the following proposition which is proved in Advanced Probability.

Proposition 3.4 (Strong Markov property). Let (By);0 be a Brownian motion and let T

be an almost surely finite stopping time. Define (By)io by
B, = Bry, — Br.
Then (By)eso is also a Brownian motion and is independent of Fr.
Proposition 3.5. Let (By);>0 be a Brownian motion and let a € R. Define
T,=inf{t >0: B, = a}.
Then T, is an almost surely finite stopping time.

Proof. 1t suffices to consider the case a > 0. Since (B;);>o is continuous, we have

{T.<t}={B.=a}u (| | {B:>r}er.

r<a,reQ s<t,seQ

Hence T, is a stopping time. Set T = T; AT_y. Then T is a stopping time and, since
Brownian motion leaves every interval, 7' < oo almost surely. By symmetry

P(Br =1) = P(Br = —1) = 1/2.

Then, by the strong Markov property, the sequence of integers hit by (B;);>0, omitting
immediate repeats, is a simple symmetric random walk. Since the random walk is recurrent,
it follows that T, < oo almost surely. [
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3.2 Wiener’s theorem

We make the set of continuous paths C[0, 00) into a metric space by setting

d(wy, wy) = Z 27" (SUP wi(t) — wa ()] A 1) :
n=1 tsn
The Borel o-algebra generated by the resulting open sets then makes C'[0, 00) into a mea-
surable space. For ¢t > 0, define the coordinate function X; : C[0,00) — R by X;(w) = w(t).
These are then continuous and together they generate the Borel o-algebra. We call (X;);>0
the coordinate process. The following is proved in Advanced Probability.

Theorem 3.6 (Wiener’s theorem). There is a unique probability measure py on C[0, 00)
such that the coordinate process is a Brownian motion.

The measure puyy is called Wiener measure. We can consider any Brownian motion
(Bt)i=0, as a C]0, co)-valued random variable B, such that

Xi(B(w)) = B(w)(t) = Bi(w).

Then the law of B on C0,00) makes the coordinate process into a Brownian motion.
Thus, any construction of a Brownian motion shows existence in Wiener’s theorem, and

uniqueness in Wiener’s theorem establishes that all Brownian motions have the same law
on C[0,00).

3.3 Brownian motion as a limit of random walks

Brownian motion can be understood as a limit object, associated to random walks having
steps of mean 0 and variance 1. We take a limit which scales down the time-step and the
spatial steps of the walk in a coordinated way, so that the variance of the walk at time 1 is
always 1. It turns out that, in this limit, all such random walks ‘look almost the same’ and

all ‘approximate’ the behaviour of Brownian motion. The following is proved in Advanced
Probability.

Theorem 3.7 (Donsker’s invariance principle). Let (W,,),>0 be a random walk in R with
steps of mean 0 and variance 1. Write (Wy) o for the linear interpolation given by W,y =

(1 =t )W, +tW, 4y fort € ]0,1]. Set
Wt(k) - k_l/QWkt.

Consider the sequence of random wvariables W®*) = (Wt(k))t>0 in C[0,00). Then W&
converges weakly to Wiener measure as k — oo. Thus, for all continuous bounded functions

F on C|0,0),

EEWO) o [ Fw)u(dw).
C[0,00)
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3.4 Change of probability measure

We now show that, on a finite time interval, the distribution of a Brownian motion with
constant drift is absolutely continuous with respect to Wiener measure and we identify its
density. This is a special case of the Cameron—Martin theorem.

Pr0p051t10n 3.8. Let T > 0 and c € R. Let B = (By)co,r) be a Brownian motion and
define B = (Bt)te[o,T} by B, = B, + ct. Then, for all measurable sets A C C[0,T], we have

P(B € A) = E(1{peaye”?r=<1/?).
Proof. Consider the set A of all subsets of C[0, 7] of the form
A={zeC0T): 2y, —y,_, €Iy for k=1,...,n}

where n € Nand 0 =ty < t; < ... <t, =T and I,..., I, are intervals in R. By a
standard argument from Probability and Measure, it will suffice to prove the formula in
the case A € A.

For X ~ N(0,s) and X = X + ¢s, we have X ~ N(cs, s) so, for any interval I,

IP) (x—cs)? /(QS)d(L'
1V 27rs
_ —x2/(2s) cm—cgs/Qd — (1 cX—c%s/2
—==€ € T € .
/1 o (Lixen )

Set sp =t —ty_y and Xy = B, — B;, , and X = B,, — B, ,. Then X,..., X, are
independent, with Xy ~ N (0, s;) and X; = X + cs. Hence

P(B € A) (H Li%en, }> = ﬁP(Xk e Iy)

k=1
= [[ECpenye™ R <H Lixenye™ /2 ) = E <1{BeA}eCBT*CQT/2>
k=1 k=1
where we used that X; +---+ X, =Brand s; +---+s,=1T. =

3.5 Reflection principle

The reflection trick used in the proof of Proposition 2.11 has the following continuum
analogue.

Proposition 3.9 (Reflection principle). Let (By)i=o be a Brownian motion and let a > 0.
Set
=inf{t >0: B, = a}
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and define (By)io by
~ By, if 1< Ty,
B, = .
2a — Bt7 Zf t> Ta.

Then (By)¢o is also a Brownian motion.

Proof. Write T for T, in the proof. We know that T" < oo almost surely and 7' is a stopping
time. Define processes Y = (Y;)i>0 and Z = (Z;);>0 by

Y: = Brne, 24y = Bryt— Br.

Then Y; is Fr-measurable for all ¢ and, by the strong Markov property, Z is a Brownian
motion independent of Fr. So —Z is also a Brownian motion independent of 7. Hence
(Y, Z) and (Y, —Z) have the same distribution on C|0, 00) x Cy[0, 00).

Consider the measurable map F' : C[0, 00) x Cy[0,00) — C|0, 00) given by

(o). if £ < 7(y),
Fly,z) = {y(T(y)) +2(t—7(y)), ift>7(y)

where 7(y) = inf{t > 0 : y(t) = a}. Then F(Y,Z) = B and F(Y,—Z) = B, so B and B
have the same distribution. O

The reflection principle facilitates some useful calculations for Brownian motion. For
example, consider the maximum process

M, = sup B;.

0<s<t

Then, for all @ > 0 and = < a,
{M,; >aand B, <z} = {B, > 2a — z}

SO
P(M; > a and B; < ) =P(B; > 2a — z).

In particular, taking x = a, we see that
P(M; > a) =P(B; =2 a) + P(M; > a and B; < a) = 2P(B; > a).

Hence M; has the same distribution as |B;|. We can moreover compute the moment
generating function. For

o 1 2 2 >
E(e"M) = 2/ e —— e 2y = 2e" /2/
0 V2 0

1 2 2
—(z—u) /Qd — el /2@

e x e u
s (@)
and so, by scaling,

E(e") = E(e"V™) = 26"/ (uv/t).
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3.6 Hitting probabilities

Proposition 3.10. Let (B;)>o be a Brownian motion and let a > 0. Then T, has a density
function h, on [0,00) given by

But -
P(Bt 2 a) - ]P(\/%Bl 2 CL) = / _eny/zdy
a/\Vt V 27
and we can now differentiate in ¢t to see that T}, has the claimed density. ]

3.7 Relation to the heat equation

Given a continuous bounded function f on R, define for ¢ > 0 and =z € R
u(t,z) =E(f(z + By))

where (B¢)i=0 is a Brownian motion. For t > 0, x + B, ~ N(x,t) so has density function

p(t,x,.), where
1

27t

p(t,z,y) = e/ (20),

:

Thus
u(t, x) = / plt, 2,9 (y)dy.

Now p is the fundamental solution of the heat equation

o _10%
ot 20x2

So, by differentiating under the integral sign,

ou  10%u

ot 20x2
while, as t — 0, since B; — 0, by bounded convergence,

u(t,z) — f(x).

Hence u solves the Cauchy problem for the heat equation starting from f.
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3.8 Transition density for killed Brownian motion

Proposition 3.11. Let x,a € R with x < a. Let (B:)i=0 be a Brownian motion starting
from x. Then, for all non-negative measurable functions f,

E(f(B)lmon) = [ Sty
where
pi(z,y) = pi(x,y) — pe(x, 20 — y).

Proof. By a standard argument, it suffices to consider the case where f = 1_ 4 for some
b < a. Set M; = sup,; Bs. Then, using the reflection principle,

E.(f(By)lir,>y) = Po(My < a
=P, (B < ) ( ;
]P)x(Bt <
b

b a
pe(z,y)dy — / pe(z,2a — y)dy —/ f)pt (z,y)dy.

—00

By change of measure we can deduce an analogous result for Brownian motion with
drift. Fix ¢ € R and set

Bt Bt + Ct Ta = lnf{t 2 0: Bt = CL}.

Then
Ez(f(ét)l{fa>t}):Ex(f(Bt)ec(Bt’m)’CQt/z1{Ta>t}) —/ fW)pt (@, y)dy.

where

c(y—x)—c®t/2, a

pi(r,y) =e P (T, y).
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4 Black—Scholes model

4.1 Black—Scholes pricing formula

By a Black-Scholes model we mean any pair of processes (S?);>0 and (S;)>o of the form
SY =emt, Sy = Spe? Bt

where (B;)i=0 is a Brownian motion and where 7, 1 € R and 0,5, € (0,00). We interpret
(S?)i=0 as the price of a riskless bond of interest rate r. We interpret (S;);>0 as the price
of a risky asset. We call y the drift and o the volatility.

The process (e?%=7°1/2),. is a martingale. Hence for the special choice of drift

w=r—o?/2.
the discounted asset price (e7"5;)>¢ is a martingale.

Proposition 4.1. Let (S, S;)i=0 be a Black—Scholes model of interest rate r, drift i and
volatility o. Fiz T € (0,00) and consider the equivalent probability measure P* given by

%
dp _ e/\BT—)\QT/Q
- )

= —p=r—02/2— L.
P CA=p' —p=r—0/2—p

Then, under P*, the discounted asset price (e "' S})o<i<r s a martingale.

Proof. Set Bf = B, — At. By Proposition 3.8, under P*, (B;)o<i<7 is a Brownian motion
with drift A, so (B} )o<t<r is a Brownian motion. Now

oB; + 't =0By — oAt + p't = 0B + ut

SO
— +ut— * kg *_ g2
7tSt S O'Bt /Jt rt S eUBt+/L t—rt S eO’Bt g t/2‘

Hence, under P*, (e7"S;)o<i<r is @ martingale. O

We will abuse notation in writing P* instead of P when considering a Black—Scholes
model with drift p*.
By a time-T" contingent claim, we mean a non-negative Fpr-measurable random variable
C, considered as an amount payable to the investor at time 7. Let us assume that an
investor is free to trade in the asset and the bond. The Black—Scholes price V; for the
claim C'is defined by
Vo = e "TEX(C). (1)

An argument which we will not develop shows that V; is the unique fair price for C, in the
sense that any other price presents an opportunity to make risk-free profits by buying or
selling the claim and trading continuously in the asset and the bond. We have not made
precise what it means for the investor to trade freely in the asset and the bond. However,
the following examples give some plausibility to the assertion that Vj is the unique fair
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price for C'. In the case C' = S, the investor can replicate C' by buying one unit of the
asset at time 0, so S must have time-0 price Sy. On the other hand, in the case of a
constant claim C = K, the investor can replicate C' by investing e "7 K in the bond at
time 0, so K (at time T') must have time-0 price e "7 K. In both cases, the price is the
Black—Scholes price.

More generally, by a simple replicable claim we mean any claim C' such that

e 0 =Cot+ Y (X, — X))
k=1

for some constant Cy, some n € Nand 0 =ty < t; < ... <t, =T, with 6, a bounded
Fi,_,-measurable random variable for all k. Here X, is the discounted asset price e™"*S;.
We leave as an exercise to show that any such claim C' can be replicated at time T for cost
Cy at time 0. Since (X¢)o<t<r is @ martingale under P*, we can take expectations to obtain

Vo = e "TE*(C) = C,.

Hence Vj is the unique fair price for C.

In fact, by the Brownian martingale representation theorem, every Fpr-measurable con-
tingent claim is the limit in probability of simple replicable claims, and this can be used
to justify the validity of the pricing formula in general.

4.2 Black—Scholes PDE

For some simple types of option, the Black—Scholes pricing theory can be cast in terms
of PDE. In this section, we show how the stochastic theory reduces to a PDE for options
depending only on the final asset price. Consider a Black—Scholes model with interest rate
r and risky asset (S¢)i=o having drift x4 and volatility o. We derive first the form of the
backward equation for the transition density of (S;);>o. Consider the case Sy = s. Then

log Sy =log s+ oB; + ut
so log S; has density p(c?t, z(t),.) on R, where

o—le—A1?/2)

1
p(t7x7z): \/2_71_1: Y

Write p(t, s, .) for the density function of S; on (0,00) when Sy = s. We will write p and
p' for derivatives in the first and second argument respectively. We have

x(t) =log s + pt.

yp(t,s,y) = p(o’t,z(t),z), z=logy

SO
syp'(t,s,y) = p'(a°t,x(t),2),  sy(p’ +sp")(t,s,y) = p"(o°t, x(t), 2)
and so

) _ ) (1 1 1
pt,s,y) =y ' (o*p+mp) =y~! (50219” + up’) = 507" (5, y)+ (u + 502> sp'(t,s,y).
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Proposition 4.2. Let F' be a continuous function on (0,00) of polynomial growth. For
t €10,7] and s € (0,00), write V(t,s) for the time-t value of the time-T contingent claim
F(Sr), conditional on Sy = s, as given by the Black—Scholes pricing formula

V(t,s) = e "TIEN(F(Sp)|S, = 5) = e "TIE(F (se7Prort 00)),

Then V is continuous on [0, T] X (0,00) and C*?* on [0,T) x (0,00) and satisfies the Black—
Scholes PDE .
LV =V + 502321/” +rsV—rV =0

with terminal value V (., T) = F.

Proof. Set
o(t,s,y) = e "TDp(T —t,s,y)

where p is the transition density for the case of drift u* = r — ¢2/2. Then

io(t,s,y) = e T (rp— p)(T —t,5,y)

and ]
p= 20232p” +rsp’
SO .
v =rv— 502321)" —rsv’
and so i
EU:D—|—202 20" 4+ rsv’ —ro = 0.
Now

V(t,s) = / " Fly)olt, s, y)dy

and the growth condition on F', combined with super-polynomial decay in v(t, s, .), allows
to differentiate under the integral sign to obtain

LV(t,s) = /OOO F(y)Lv(t,s,y)dy = 0.

Finally, continuity of V" on [0,7] x (0, 00) follows from continuity of Brownian motion by
dominated convergence. ]

4.3 Binomial approximation to Black—Scholes

Fix p,7 € R and o € (0,00) and consider the Black—Scholes model

SY=e", 5 = Speo Bt
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We will show, using Donsker’s invariance principle, that this model may be viewed as a
weak limit of suitably chosen binomial models, and that the Black—Scholes pricing formula
then matches the limiting binomial pricing formula.

Let (W,)n=0 be a simple symmetric random walk on the integers. Form the rescaled
linear interpolation (Wt(k))t>0 as in Donsker’s invariance principle. For k sufficiently large,
we can determine ay < rp < by by

o o r
+a eXp( \/E+k)’ + by eXp(\/E%—k), F 7 exp<k>

Set
St(k) = Spexp <0Wt(k) + ,ut) .

Then (Sg/k,SS;L)@o is a binomial model of parameters a; < 1, < by and p = 1/2. By
Donsker’s invariance principle, W®*) — B weakly on C[0,00). Hence S*) — S weakly on
(10, 00), as desired.

We will now show that the equivalent martingale measures for these binomial models
converge to that for the Black—Scholes model. First we recall the change of probability
formula for the binomial model. Fix a time interval [0,7] and a convergent sequence
Ar — A in R. For convenience, we will assume that 7" is an integer. Set

—1 —1 1+£

We can and do choose k sufficiently large that p, € (0,1). Write

KT+ VEWY
-

kT — VEWS

D _
) T 2

Uy

for the numbers of up-steps and down-steps and define

®) *) *) )
k) _ (ﬂ) o (@) . — (1 _ ﬁ) o (1 + ﬁ)UT
g 1—p p Vk vk '

Consider the equivalent probability measure P*) given by

dP*) _ 0
dP T

Under I@’(k), (Sg/k, ng)k)ogngkj" is a binomial model of parameters a;, < 7, < b, and p.
Consider the limit kK — co. We have

wik)
Z(k):( _A_) (1_ﬁ)_m (Hﬁ)m
' k vk vk
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and

22 ET A +Vk/2
( — —k) — e_’\2T, (1 + —k> — M2
k Vk

SO Z;k) — Zp weakly, where Zp = e*Br=2*/2_ Consider the change of measure for B given
by .

dP

“

a7
Then, for any continuous bounded function F' on C[0, 7],

E®(F(S®) = B(2{" F(S®)) = B(ZrF(S)) = E(F(S)).

We have seen that the equivalent martingale measures are obtained when A = A\* for
Black—Scholes and A\, = A} for the binomial model, where

o? 1 A5 L — Q
N=r——— — (1 k)= .
4 " 2 s 2( +\/E> bk—ak

It is left as an exercise, for the choices of ag, b and r, made above, to check that A} — \*
so that

E®* (F(SW)) — E* (F(S))

giving an exact tie-up between the discrete-time and continuous-time theories.

4.4 Black—Scholes formula for the price of a European call

The European call of maturity T and strike K > 0 is the contingent claim (S — K)*. This
may be thought of as conferring the right but not the obligation to buy one unit of stock
at time T at price K. We will compute a formula for the fair value of this claim at time 0,
in the Black—Scholes model. The fair value is given by

EC(Sy,K,0,7,T)=E* (e (57 — K)*).
Recall that we write ® for the standard normal distribution function, given by

1
V2T

.2
ey /2

B(a) = / " sy, dly) =

and that B
O(a) =1—P(a) = ¢(—a).

Proposition 4.3 (Black-Scholes formula). We have
EC(Sy, K,0,7,T) = So®(d;) — e ™ K®(d_)

where

_ log(So/K) 4T i oT
oV/T 2
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Proof. Tt suffices to consider the case g = p*, when P* = P. Then Br ~ v/TB; and
By ~ N(0,1). We compute

EC(So, K,0,r,T) =E ("7 (Sy — K)*) = E ((SOBO'BT*UQT/2 _ e*TTK)+)

> 1
_ / (Soeaﬁny'QT/Q . efrTK) 27r€7y2/2dy

where a is given by Soe"ﬁa*02T/2 — e "TK so
log(So/K) + oVTa+rT = o>T/2

and so a = —d_. Hence

(o) 1 5 (o)
EC(Sy, K,o,7,T) =S e~ (w—oVT) Py — e TK
\% a

L e_y2/2dy
=SoP L(la—cr\/_) e "TK®(a)

=S0®(—a+ oVT) — e "' K®(—a)

=Sy ®(dy) — e "TK®(d_).

O

The European put of maturity T > 0 and strike K > 0 on (S;);>0 is the contingent
claim (Sp — K)~. This may be thought of as conferring the right but not the obligation
to sell one unit of stock at time T" at price K. In the Black—Scholes model (S?,S;)¢=o the
fair value of this claim at time 0 is given by

P(So, K,0,1,T) =E* (e ™ (57 — K)7).
Note the put-call parity equation
(S —K)t—(Sy —K)”" =S — K

Thus a portfolio long in the call and short in the put is equivalent to the forward contract
St — K of maturity 7" and strike K. The fair value of the forward contract is

E* (G_TT<ST - K)) = SO - G_TTK.
Hence we obtain

P(Sy,K,0,r,T) = EC(Sy, K,0,7,T) — So+e ™K =e ™ K®(d_) — Sy®(d.).
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4.5 Sensitivities for contingent claims in the Black—Scholes model

Recall that the value of a contingent claim C' at time T in the Black—Scholes model
(57, St)i=0 is given by

v(Sy) = v(Sy, C,0,r,T) = E*(e_TTC’).

where E* denotes expectation with respect to the equivalent martingale measure P*. The
derivatives of v with respect to parameters of the model are known as sensitivities. The
following terminology is widely used

v 0% v v
Delta = A = 9507 Gamma =1 = 8_53’ Vega =V = % Rho =p = I
These and other sensitivities are also known as Greeks.
In the case of a European call of maturity T and strike K, the Black—Scholes formula
can be differentiated explicitly to obtain

A=o(dy), V= 50¢(d+)ﬁ-

4.6 Implied volatility

Proposition 4.4. The map o — EC(So, K,0,7,T) is an increasing bijection (0,00) —
((So — e ™TK)*™,S).

Proof. 1t is straightforward to check that, for all values of Sy, K,r and T, we have

hn’(l) EC(S[), K’ o,r, T) = (SO — e_TT)+, lim EC(S(], K, o,r, T) = So.
o—

T—00

Since 9
a—aEC(SO, K,o,r,T) =V = Sop(d )WT > 0

this implies the claim. O

European calls are widely traded in financial markets, so the actual market price may
be observed, for a range of maturities T" and strikes K. Since the current stock price Sy
and interest rate r are also known, if we accept the Black—Scholes model, this determines
a unique implied volatility oimprca(K,T) such that

EC(SO7 K; Uimplied(Kv T)7 r, T) = ECmarket(Ka T)

In principle, Gimpliea(#,7T) should be independent of K and 7. In practice, the implied
volatility surface is not flat, indicating that the Black—Scholes model is not an exact fit.
However, implied volatility, acting as an encoding of the call price ECyaket(K,T), is a
convenient and widely used means to quote these market prices.
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4.7 Pricing of exotic options in the Black—Scholes model

The reflection principle allows us to obtain pricing formulas for certain barrier options in
the Black—Scholes model. We illustrate this by the case of the up-and-out call

C= h(ST)l{supogth Sp<Als h(s) = (5 - K)+

where A > max{Sy, K}. The fair price at time 0 for C' is given by the Black—Scholes
pricing formula

% — efrT]E* (C)

where P* is the equivalent martingale measure, corresponding to drift u* = r — ¢2/2. In
calculating Vj, we will assume that p = p* and drop the stars. Then

St — Soecht—i-rt—oQt/Z — Soegét, Bt — Bt + Ct, c= (7‘ o 0,2/2)/0_

SO
{sup St<A}:{sup Bt<a}:{fa>t}, Ta:inf{tZO:Bt:a}

0<t<T 0<t<T

where a > 0 is determined by Spe® = A. We showed in Section 3.8 that

B (f(B0Lsn) = | T 0.y

where
p?(o’ y) = pt<07 y) - pt(ov 2a — y)
Hence

—00

In the special case h(s) = (s — K)¥, the right-hand side can be expressed in terms of the
normal distribution function ® by using the identity

[eoma-e(o(052) -+ (:52).
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5 Appendix

Recall the statement of Theorem 2.3 for an asset price model (S, )ocn<r. The following are
equivalent:

(a) (Sn)o<n<r has no arbitrage,
(b) (Sn)osn<r has an equivalent martingale measure.

This is the discrete-time version of the fundamental theorem of asset pricing. We will now
prove this statement — the proof is not examinable. The main step is to show the following
conditional version of the equivalence shown in the proof given above of the fundamental
theorem in the case T' = 1.

Proposition 5.1. Let Y be a random variable in R? and let Fy be a sub-c-algebra of F.
Then the following are equivalent:

(a) there exists no Fo-measurable random variable © in RY such that ©.Y > 0 almost
surely and ©.Y > 0 with positive probability,

(b) there exists an equivalent probability measure P such that P =P on Fy and, almost

surely, 3 )

Morever, given any finite non-negative random variable U, we can choose P in (b) so that
E(U|Fy) < oo almost surely.

Proof. Suppose that (a) holds. It will suffice to consider the case where, almost surely, for
all § € RY,
E(eY|Fy) < 00, E(Ue™|Fy) < .

For the general case, we can replace P by the equivalent probability measure P given by
dP/dP = W/E(W|F,) where W = e "¢~V for which P = P on F and, almost surely,

E(e’Y | Fy) < oo, E(UY|F) < .

We will assume that this has been done and drop the tildes.
There are Fy-measurable kernels M and N on Q x B(R?) such that, for all B € B(R?),
almost surely,

M(B) = P(Y € BIFy), N(B) = EULyen|Fo).

We write here M (B) for the random variable M (., B) and will use similar notation else-
where. Define Fy-measurable fields of subspaces of R? by

Ey(w)={0 R : M(w,{0.y=0}) =1}, FE;(w)=span(supp M (w,.)) = Ep(w)*.
Write P(w) for the orthogonal projection RY — E)(w). Fix # € R? and consider the event
B(0) = {P0 £ 0} = {0 & Ep}.
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Fix B € Fy with B C B(#) and P(B) > 0. Consider the Fy-measurable random variable
© = 150. Define

W=M{yeR":0.y#0}), W =M{yecR":0y>0}).
Then, almost surely,
W =P0.Y #0|F), W =P6.Y > 0F).

Now W > 0 on B(f), so P(©.Y # 0) = E(1zgWW) > 0. Condition (a) then implies that
E(1gW') =P(60.Y > 0) > 0 so, since B is arbitrary, W’ > 0 almost surely on B(#).
Set ¥(t) =0Vt A1 and define F : Q x R? — [0, 00) by

F(w,0) = »(0.y)M(w, dy).

Rd

Then F(w,.) is continuous on R? for all w, F'(0) = E(¢(0.Y)|Fy) almost surely, and F'(0) >
0 almost surely on B(#) for all §. Hence, by Fubini’s theorem, F'(6) > 0 for Lebesgue almost
all 0 € R?\ Ey, almost surely. Since F is continuous on R? and R%\ Ej is open, this implies
that F(0) > 0 for all § € R\ FEy almost surely. Set S(w) = {0 € Ey(w) : |0] = 1}. Then
S(w) is compact. Define

c(w) = %inf{F(w,H) 0 e S}, Q={we:ew) >0}
Then ¢ is Fo-measurable, P(€y) = 1 and, for all w € Q and 6 € S(w),
/Rd LHoyseenM(w,dy) 2 | ¥(0.y = e(w))M(w,dy)
> [ 600)M () - e0) = F.0) () > ol
Define functions @ : Q x R? — (0,00) and ¥ : Q x R? — [0, 00) by

b(w,0) = / VM (w, dy), V(w,0) = / "N (w, dy).
R4 R4
Then ® is Fy-measurable on €, differentiable on R?, and strictly convex on F;, with

¥(w.0) = [ v (e dy

and, almost surely,
() = E(e"V|Fy), @'(0) =E(Ye|F).

Similarly, ¥ is Fy-measurable on 2, continuous on R? and, almost surely,

U(0) = E(UY | Fp).
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Then, for w € Q, 6y € Ey(w), 0, € S(w) and t > (1/e(w)) log(1/e(w)),
D(w, by +t0;) = P(w, th;) > e > 1 = d(w,0).

Hence, for all w € €, there exists a unique ©*(w) € E;(w) such that ®(w,d) > ¢(w, O*(w))
for all € RY. Then ®'(w,0*(w)) = 0. Set ®*(w) = 0 for w & Q. Define recursively a
sequence of Fy-measurable random variables (6, : n > 0) in R? by

@0 = O, @n-‘rl = @n — ’)/CI)/(@n)

Then ©,, € E; for all n almost surely, so by the properties of gradient descent, for
sufficiently small, we have ©,, — ©* almost surely. Hence ©* is an Fy-measurable random
variable.

Define an equivalent probability measure P by dP /dP o< ®"Y. Then, almost surely,

E(U|Fy) = E(Ue® Y| F) = ¥(0%) < oo

and similarly E(|Y||Fy) < oo almost surely. For w € Qp, since ®(w,.) is minimized at
©*(w), we have ®'(w, ©*(w)) = 0. So, for all B € Fy,

E(Y1e® Y| Fy) = 15E(Y e Y |F) = 159/(0%) =0

and so ( o)
~ E YlBe ’

EYlg)= ———W—=
(Y1p) E(e®"Y)

Hence E(Y|Fy) = 0 almost surely and (b) holds.
Suppose on the other hand that (b) holds and let © be an Fy-measurable random
variable in R?. Then, almost surely,

=0.

E(0.Y|F) = 0.E(Y|F) =0

and so E(©.Y) = 0. Hence, if ©.Y > 0 almost surely, then ©.Y = 0 almost surely. Hence
(a) holds. O

Proof of Theorem 2.3. Suppose that (a) holds. Write Y,, = X,, — X,,_;. Consider the
following hypothesis: there is a random variable p,, such that, almost surely, p, > 0 and
E(pn|Fn-1) =1 and U, < oo and E(Yyp,|Fir_1) = 0 for k = n,...,T, where we write U,
for a version of

T
SOE(YilonlFas).
k=n
The hypothesis holds for n = T'+ 1 with pry; = 1, the third and fourth conditions holding
vacuously. Suppose, for a reverse induction, that the hypothesis holds for n + 1. Given an
F,_1-measurable random variable © in R such that ©.Y,, > 0 almost surely, we obtain a
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previsible process (61, ...,07) in R¢ by setting 0, = ©lfr—n}. The associated value process
satisfies

T
Vp =) 60,.Y,=0Y, >0
k=1

The no-arbitrage condition (a) then forces ©.Y,, = 0 almost surely. Hence, condition (a)
of Proposition 5.1 holds for the F,-measurable random variable Y,, and the sub-o-algebra
Fn—1. Then, by Proposition 5.1, there is an F,-measurable random variable «,, such that,
almost surely, a,, > 0 and E(«,|F,-1) = 1 and

E(|Ya|an| Fruo1) < oo, E(Y,a,|F.-1)=0
and moreover we can choose «, so that E(U,«,|F,_1) < oo amost surely. Define

Pn = CnPpi1-
Then, almost surely, p, > 0 and
E(pn|Fn-1) = E(onE(pni1[Fn)| Fa-1) = E(an|Fn) =1
and
Up = E(Ups10n|Fro1) + E(|Y, || Frq) < 00
and, for k=n+1,...,T,
E(Yipn|Fr-1) = pnE(Yr|Fr—1) =0
while
E(Yopn|Fn-1) = E(YnanE(pps1 | Fo) | Fuo1) = E(Ypan| Fnq) = 0.

Hence the hypothesis holds for n and the induction proceeds.
Since the random variables E(|Yy|p1|Fo) are all finite-valued and Fy-measurable, and
so is Xy, there is an Fy-measurable random variable aq such that ay > 0 almost surely,

E(ap) =1 and
ap <\X0\ + ZE(’Yk|/)1U:0)>

k=1

is integrable. We can define an equivalent probability measure P by d]f”/ dP = app;. Then,
under P, the random variable | Xo| + |Yi| + - - - 4 |Y7| is integrable and and E(Yj|Fi_1) = 0
for k =1,...,T. Hence (X,)ocn<r is a martingale under P. Hence (b) holds. The reverse
implication is the content of Proposition 2.2. O
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