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The classicaltheorem of Mordell and Weil statesthat if E is an elliptic curve de ned
overanumber eld K, then the group of points E (K ) isa nitely generatedabeliangroup.
The rank of this groupis a rather mysteriousand unpredictablequartity. Supposethat E
is de ned over Q and that the number eld K is allowed to vary in someway. Are there
any underlying patterns or regularitiesthat canbe found in the behaviour of rank(E (K ))?

If K variesover quadratic extensionsK = Q(p d), then there shouldbe someregularity
for the parity of the rank. Assumingthe niteness of the Tate-Shafarevib group g (K)
(which is widely believed to be true), then the parity can be determinedin terms of the
sign of d and congruenceconditions on d. This comesfrom the connectionwith modular
forms and the signin the functional equation for the Hasse-V&il L-function L(E=K;s).
It is predicted by the famousBirch and Swinnerton-Dyer conjecturewhich statesthat

rank(E(K)) = ords=; (L(E=K;S)):

Some statemerts about rank(E(K)) predicted by this conjecture can actually be
proved unconditionally. Supposethat F is an imaginary quadratic eld and that F %
Fi1 % ¢ee¢Y%2 F, %2 ::: is atower of cyclic extensionsof F sud that [F, : F] = p" and F,=Q
is a dihedral extension. Supposethat E hascomplexmultiplication by the ring of integers
of F. Supposealsothat E hasgood ordinary reduction at p and that ords-; (L (E=Q; s))
is odd. Then rank(E(F,)) = 2p" + const. for suzciently large n. The root of sud a
result is that dihedral groups G have the special property: g» gi ! for all g2 G.






