Hilbert’s 14" problem and Verlinde type formulas
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Hilbert’s 14" problem asks if the ring C[m]® of polynomials which are invariant by a
set S of m x m regular matrices is finitely generated or not as ring, where C[m]| denotes
the polynomial ring of m variables. This problem is reduced to the crucial case where
S consists of unipotent upper triangular matrices by virtue of Hilbert’s theorem. The
answer to this crucial case is affirmative when #S5 = 1 and negative when #S > 3. But
the following seems still open:

PROBLEM Is the ring C[m]*# of polynomials which are invariant by a pair (A, B)
of unipotent upper triangular matrices with [A, B] = 0 finitely generated?

In the following two cases the answer is affirmative, and the ring C[m]*? has a di-
mension formula similar to the Verlinde formula of conformal blocks. In both cases,
C[m]** is Z-graded by level, and the dimension of the level [ part is given as follows:

| I | L, -
(1) For m =2n, if A= (ﬁ) and B = -

0| I,

with by, ...,0, all distinct, then

N lil: COS2 (2j4+1)w
dim C[2n]}" B — — T 22[;47r
(I +2)2n2 zl]+4
(2) Form=2n+1, if A 0 I, and B = 1 , then
1 0 I,
I+1 2 23w
1 sin m
dim (C[Qn] <2l + 3)22n 3 Z cog2n—1 27 °
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