
KUW AIT FOUND ATION LECTURE 4 - February 15, 2000

SOME APPLICA TIONS OF THE
CLASSIFICA TION OF FINITE SIMPLE GR OUPS

Rob ert Guralnic k
(Univ ersit y of Southern California)

The classi¯cationof ¯nite simplegroupsyieldsthat a ¯nite nonabelian simplegroup is either
An ; n > 5, a group of Lie type or oneof 26 others. This allows oneto study ¯nite simplegroups
in common with algebraicgroups and Lie groups. We discusshow this can be used to solve
problemsin grouptheory andother areas.The mostcommonmethod is to translate the problem
into oneabout permutation groups, try to reduceto the caseof primitiv e permutation groups
(i.e. preservingno nontrivial partition) and then translate back. The Aschbacher-O'Nan-Scott
Theorem reducesmany questionsabout primitiv e permutation groups to subgroup structure
and representations of (almost) simple groups. Below are someexamplesof results obtained
this way. An interesting feature is that often there are a handful of special cases.

Theorem Let k be a ¯eld, f (x) 2 k[x] indecomposable,char k = p > 0. Let n = degf . If
n 6= pa > p and f decomposesover k0 ¾ k, then either p = 11 and n = 55 or p = 7 and n = 21.
Moreover, suchpolynomials do exist in thosecases.

Polynomialsarecoversof P1 ! P1 and studying such covers' = X ! Y of curvesvia these
methods has proved useful. A cover over k is called exceptional if f (x; y)j' (x) = ' (y)g has
no absolutely irreducible components de¯ned over k other than the diagonal. One can classify
indecomposableexceptionalpolynomialsshowing that if char 6= 2; 3, then they are either cyclic
or Chebychevpolynomials(i.e. equivalentto x r or to the Chebychevpolynomial of prime degree
r for somer ). A variation on this theme is to study f (x) 2 Q(x) such that f (x) mod p is
bijective on P1

Fp
for in¯nitely many p. One can show that most examplesarise from elliptic

curvesand Mazur's theorem about isogeniesof prime degreeis needed.Another result in this
direction:

Theorem Let ' : X ! P1 be an indecomposablecover of degree n with X a \generic"
Riemann surface of genusg > 4. Then the monodromy group of ' is either Sn , n > 1 + g=2,
or An , n > 2g ¡ 1.

As a corollary, oneobtains Zariski's result that for g > 6 the monodromy group is not solvable.

Finally, we mention one result in representation theory { a version of Maschke's theorem.
Recall that Op(G) is the largest normal p-subgroupof G.

Theorem Let G 6 GLn (k) = GL(V) with char k = p. If p > n + 2, then V is completely
reducibleas a kG-module , Op(G) = 1.

One can prove a qualitativ e versionof this (i.e. for p À n) using a recent result of Larsen-
Pink.




