KUWAIT FOUNDATION LECTURE 25 - September 30, 2002

THE MYSTERIOUS ARITHMETIC OF LEXICOGRAPHIC CODES
John Conway

The words of the integral lexicographic code of minimal distance d (henceforth lexicode) are deter-
mined inductively by the condition that each is the lexicographically earliest word - - - dcba (entries are
non-negative integers) that differs in at least d places from all earlier ones. The distance 3 code (C3) is
---000000, ---000111, ---000222, ---000333, ---000444, ..., ---000nnn, ...
-+-001103, ---001230, ---001321, ---001456, ..., ---002023, ..., ---010013, ...

The lexicode theorem asserts that under coordinatewise notions of vector addition and scalar mul-

as follows:

(Princeton University)

tiplication, all integral lexicodes are vector spaces.
However, the addition and multiplication here are not the standard ones! Here they are:

-..001012,

+/0 1 2 3|4 5 6 78 9 10 1112 13 14 15

o(o 1 2 3}4 5 6 7|8 9 10 11|12 13 14 15

{1 o0 3 25 4 7 619 8§ 11 10|13 12 15 14

212 3 0 16 7 4 5|10 11 8 9|14 15 12 13

313 2 1 0|7 6 5 411 10 9 8|15 14 13 12

414 5 6 7|0 1 2 312 13 14 15,8 9 10 11

5|15 4 7 6|1 0 3 2|13 12 15 14|19 &8 11 10

6,6 7 4 5|2 3 0 1|14 15 12 13|10 11 8 9

7|7 6 5 4|13 2 1 0|1 14 13 12|11 10 9 8

8|8 9 10 11{12 13 14 15,0 1 2 3,4 5 6 7

919 8 11 1013 12 15 141 O 3 2|5 4 7 6

0(10 11 8 9|14 15 12 13,2 3 O 1|6 7 4 5

1111 10 9 8|15 14 13 123 2 1 O |7 6 5 4

12112 13 14 158 9 10 14 5 6 70 1 2 3

313 12 15 1419 8 11 105 4 7 6|1 0 3 2

14114 15 12 13|10 11 8 9|6 7 4 5,2 3 0 1

151 14 13 12|11 10 9 &8 |7 6 5 43 2 1 0
x/0 1 2 34 5 6 7|8 9 10 11|12 13 14 15
ojo o 0 oj0 o o0 o0O}j0 O O OO0 O 0 O
10 1 2 314 5 6 7|8 9 10 11|12 13 14 15
2/0 2 3 1|8 10 11 9|12 14 15 13|14 6 7 5
3/0 3 1 2|12 15 13 14|14 7 5 6|8 11 9 10
410 4 8 126 2 14 1011 15 3 7 (13 9 5 1
510 5 10 152 7 8 13|13 6 9 121 4 11 14
6 {0 6 11 13,14 8 5 3|7 1 12 10|19 15 2 4
740 7 9 1410 13 3 4|15 8 6 1|5 2 12 11
(0 & 12 411 3 7 15}13 5 1 9|6 14 10 2
90 9 14 7|15 6 1 8|5 12 11 2|10 3 4 13
(0 10 15 53 9 12 6 1 11 14 4|2 &8 13 7
11(0 11 13 6|7 12 10 1|9 2 4 15|14 5 3 8
20 12 4 8|13 1 9 5|6 10 2 14|11 7 15 3
3(0 13 6 119 4 15 2|14 3 8 5|7 10 1 12
40 14 7 9|5 11 2 12|10 4 13 3|15 1 8 6
150 15 5 10} 1 14 4 112 13 7 8|3 12 6 9

This remarkable arithmetic has many interesting properties — for instance as a field, it is the quadratic

closure of {0,1} = Fy.
22 =3, 4* =5,

1, 2, 3 are the cube roots of unity, while 1, 8, 10, 13, 14 are the fifth roots of unity.
2562 = 384,

22 =3, 42=06,

160 =17, 256%° = 257,

162 = 24,
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