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Thefirstaimofthisnoteistodescribeanalgebraicstructure,moreprimitive
thanlatticesandquantales,whichcorrespondsto the intuitionistic flavour of
LinearLogic we prefer. This part of the noteis a total trivialisationof ideas
fromcategorytheoryandwe play with a toy-structureanot distantcousinof
a toy-language.

The secondgoal of the noteis to showa genericcategoricalconstruction,
which buildsmodelsfor Linear Logic, similar to categoricalmodelsGC of
[de P1, but moregeneral.The ultimate aim is to relatedifferentcategorical
modelsof linearlogic.

Thefirst partof thenoteconsistsof twosections.Thefirstsectionintroduces
lineales;the secondaddssomestructureto lineales,comparesour work to
otherapproachesandshowthemain resultof thispart.

Thesecondpartof thenoteconsistsof four sections,whichrun alongsimilar
linesto partI. In section3 wedefineourbasiccategoricalconstruction,section
4addstheextrastructurecorrespondingto section2 andshowsthemainresult
of partII. Section5, addingthemodalities ! >> and<? >>, hasno corresponding
sectionin part I, aswe havenot eventried to find theright notion of << >> in
the restrictedset-upof lineales. Section6 describessomepreliminarycon-
clusionsand furtherwork.

1. Introducing lineales

We startby consideringa veryfamiliar structure,a commutativemonoid
~nthe categoryof posets.We are thinking of posetsasa restrictionof the
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generalnotionof categories.Thatis theoppositeof whatpeoplenorniallyd
in CSwhentheyexplainthenotionof acategoryasageneralizationofaposel
We call a commutative (or symmetric) monoid in the categoryPosets
pre-lineale.[In the moregeneralset-upwe’re thinkingof a monoidobject ii
thecategoryof categories.]

t~~(~cf� ~o5~5~,à fl~ C~C~‘,~

Definition1 A p~’e-Iin~~aIeisa poset(L, �) with a givencompatiblesymmetricnzonoida,
structure (L, o, e). That is, a setL equippedwitha binary relation �> satisfying:

• a � a forall a in L (reflexivity)

• a � band b � c =~a � c (transitivity)

• a�bandb�a=~a=b(antisymetry)

togetherwith a monoidstructure(o, e) consistingofa multiplication ‘ o : L x L —p L

anda distinguishedobject e ofL, suchthat thefollowinghold:

• (a o b) o c = a o (b o c) (associativity)

• aoe=eoa=a(identity)

• aob—boa(symmetry)

Thestructuresarecompatiblein thesensethat, if a � b, wehavea o c~ b o c,forall c in L.

We write aquadruple(L, �,o, e) for apre-lineale.Notethat,evenif we want
to thinkof <o>> asaformof conjunction,wedo not havea a a = a (idempotency)
nora � e for all a in L. Thus the relationbetweenthe orderstructureandthe
multiplicationis not astight as in a sup-lattice.

Butapre-linealeis not thetoy-structurewewantto play with. A pre-lineale
corresponds,in the moregeneralset-upof categories,to a symmetricmonoidal
category and we are interestedin symmetric monoidal closed categories.To
trivialise this notion we first define:

Definition 2 SupposeL is a pre-linealeanda, b e L. If thereexistsa largest x E I.
suchthat a ax � b then this elementis denoteda —a b and it is called the relative
pseudocomplementof a wrt b.

Thus,by definition, if a —a b existsin apre-linealeL then

• ao(a—ob)�b

• if a ay � b for somey, theny� a —o b
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Definition 3 A lineale isa pre-lineale(L,~�,o, e) suchthata —o b existsfor all a
andb in L.
Sincewedefineda linealeto beasimplification of the notion of a symmetric
monoidalclosedcategory,we havean obviousproposition:

PropositionI A lineale (L, �, o, e,—o) hasthefollowingproperties:

1. If a � b,for anyc in L, c—aa � c —o b and b —o c � a —o

2. a o b � c ~ a � b —o c

The proof is very easy,it only usesthe definition of —a andL. Observethat
theitem 1 in thepropositionsays,in themoregeneralset-upof categories,that
—a: L x L —~ L is a << bifunctor >>, contravariantin its first coordinatearid
covariant in the secondcoordinate,while item2 saysthereis an adjunction
betweenfunctors0 o b: L —f L andb —a 0 : L —* L.

Anotherobservationis thatas e o a � a for anya E L, we know e � a —o a
anda�a—oeforanyaEL.

Note thatif wedenoteby I anyelementof L andwrite (a)1 for (a —a I) we
have:

(i)a �b ~ b-’-�a1by prop1.1.

(ii)aa(a—oI)�I-~=~ao a1�Iimpliesa�a’~—oJ~a°-byprop 1.2.

Properties(i) and(ii) arecalledby Dunn theIntuitionistic Contraposition.

Definition 4 A }-e~ting~1inealeis a lineale (L, �, o, e, —a) equippedwith a given
compatiblesymmetricmonoidalstructure(0,1) weaklydeMorgan-dualto a x.. That
meansthat

• thegivenstructure(0,1) satisfies

— (associativity)a 0 (b 0 c) = (a 0 b) 0 c

— (syminetry)aob=boa

• thestructure(0, 1) is compatiblewith (L, ~, a, e) meansthat, as before, if a � b
thenfor anycin L,aoc�boc

• the object 1. is the identityfor0

aDI=IDa~a
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• wehaveassociative(or absorptive)laws

(a 0 b) a c � a0 (b a c)

a a (b 0 c) � (a a b) Dc

Note that, if we write (a)1 for (a —a 1), 1 the identity for 0, we ca
show

a-’- 0 b � a —a b

simply usingsymmetryof < o andthedistributivelaw above,asfollows:

ao(a1Db)�(aaa-’-)Ob=

(aoa—oJjOb�IDb=b -

With definition 4 we are trying to capturethe (intuitionistic !) notion tha
conjunctionanddisjunctionarenotdeMorgandual— asthey arein Classica
Logic,but instead,wehave:

• ~

• a10b1�(aob)’

We canprove,

Proposition2 A HeytinglinealeL satisfies

(a) a1
a b1 � (a 0 b)-’-,

(b) a1 0 b’ � (a o

To show(b), as(a o b)1 = (a a b) —a 1, it isenoughto show(a10 Li~)o (ao b) � 1,

easyas

(a10 b1) a (b o a) = a10(b’ ob o a)

a-’-D(Ioa) = (a’DI) oa = a1
a a � I

To show (a) a1
o b’ � (a 0 b)’ we usethe samekind of reasoning,as it is

enoughto show (a1
a b1) a (a 0 b) � I.
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Note thatas e is the identity for o andI the identity for 0,

a1 oI-~-� (a 01)1 = a1
= a-i- a e =~I-’- � e

By proposition1.2, ase ol � I wehavee� 1—ol = I’, thus I~= e. But
in the weakly-dualcasewecannotguaranteethat e-1- = I aswe only kno~w
that

a10e1�(aoe)1=a1= a-1-DI=~e1�e

Note that the conditionof compatibility saysin themoregeneralset-upof
categoriesthat0 is a covariantbifunctor.

Wewould call thesymmetricmonoidalstructure(0, I) de Morgan-dualto
if we hadequalityin condition (a) and(b). In thatcasewewould call the

nealea strongHeytinglineale.
Onemaythink thatnameswerebadlychosenasa linealealreadysatisfies

~-hatmaybebecalleda Heytingcondition,namely

a 0 b� c ~ a � b—ac

ut linealeshaveno notion of disjunctionwhatsoever,while Heyting lineales
an be restrictedto Heyting algebrasif 0 satisfiesa universalproperty (cf.
elow in def. 5).

• Additive lineales

A (Heyting)linealeis characterizedby its << multiplicative>>structuregiven
y (�, o, —o, e) (perhapsalso (0, I)). But we can haveanother<< layer>> of
ructure,calledits additivestructure.

efinition 5 A semi-additive(Heyting) lineale is a (Heyting) linealeequipped
ith an extra symmetricmonoidalstructure,notation(x, 1) such that givena and b
L, a x b satisfies

• axb�aandaxb�b

• If m is suchthat vi � a andm � b thenm� a x b

Note that a x b is defined as a binary greatestlower bound;that having
iary gib’s we caneasilydefinefinite rt-ary onesandthat 1 is the empty-set
, which meansthat for all a E L, a � 1. In particulare � I (andI ~ 1, if it is

~sent).Also (x, 1) beinga symmetricmonoidalstructuremeans
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• (axh)xc=~—ax(hxc)

• axb=bxa

• axl=Ixa=a

A semi-additivelineale correspondsto a symmetric monoktal clo~

categorywith productsin themoregeneralframework.

Definition 6 An additive(Heyting) lineale is a semi-additive(Heytiiig) lin
equippedwith an anothersymmetricmonoidalstructure,notation (~,0> sucht
givena andb in L, a ~ b satisfies:

• a�a®bandb�ae3b

• ifa�nandb�nthenaeb�n -

Dually,0 � a for anya e L, in particular,0 � I, 0 � eand0 � I.
Observethat the conditions in the definition 5 and 6 above are

restrictionsto the posetset-upof the conditionson theexistenceof produ~
andcoproducts.They could be describedin termsof adjunctions,in. thisc~
Galoisconnections,to adiagonalfunctor, i~: L —, L x L. Note that they
determinea lattice structurein L.

If the four constantsI, e, 0 and I aredistinct wehavea picturelike

~0z
but theymaycoincide.
Trivial examplesof additiveHeyting linealesareHeytingalgebras(whe

a andx and0 and+ coincideand0 = I and I = e)andBooleanalgebras(
beforeplusa-~-~-= a).

Proposition 3 In an additive Heytinglinealewehavethe distributivelaws:

• ao(b~c)=(aob)~(aoc)

• aD(bxc)�(aob)x(aoc)

Notice that the first law is a direct consequenceof the fact that ti
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<~category>>L is a symmetricmonoidalclosedone,as ~ is acoproductkind
coproductsarepreservedby functorswhichhaveright-adjoints.Thesemi-law
is aconsequenceof x beingacategoricalproduct,as b x c � b and b x c � c
impliesao(bxc)�aobandao(ln<c)�aoc, so

aD(bxc)�(aO(bxc))x(aD(bxc))�(aob)x(aoc)

Comparison with other approaches
It seemsreasonableto comparethe approachtakenherewith the one by

HesselinkusingGirard monoids.Quite apart from the fact thatGirardmonoids
arebasedon/parthelinearconnectivelessamenableto intuitiveexplanations,
Hesselink’sapproachis basedon theclassicalequivalencebetweenA —* B ~nd
-~ A v B. It seemsto usthatoneshouldstrive for themoregeneralset-up— in
thiscasetheintuitionistic one— as thatallowsusto restrictourselvesto the
classicalcase,when(andif) wanted.

A strongHeyting linealecan be seenas a Girard monoidwrt 0 anda
Girard monoid restricts to a phasestructure,the model for linear logic
providedby Girardhimself in [tcs60].Also a Girardmonoidis ageneraliza-
tion of thede Morganmonoidsin Dunn,thesemanticalmodelfor relevance
logic.

The definition of a Heyting additive lineale is also very similar to some
work doneby GinsbergandalsoFitting on bilattices.Again the differenceis
that the structureon the horizontal direction neednot be a lattice. The
conditionsforced on usby the (categorical)adjunctionarenot strongenough
for that,butof coursea bilatticeis a ratherspecialcaseof anadditive Heyting
lineale.,

Rules andaxiomsof Linear Logic
Axioms:

A F—A (identity)
I--I IF-

ITF-1,A r,oF-~

StructuralRules:

r ~ (permutation) F I— A, ~ A, F F— ~ (cut)
F,F’F-~’,I

Logical Rules:

(var1) ±_~Lil~L-g?~
F B1 F-~\
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Multiplicatives:

(unit,) r F-A (unit,.) F F— A
FF-I,A

F,A,BF-A Ff—A,A F’F—B,A’
(®,) F, A ~ B F- A F, F’ F A ® B, A, A’

~ F, A I— A F’, B F- A ~ F F-A, B, A
r’,r”,AoBF-A,A’ I~F-AoB,A

F F-A,A F’,B F-A’ r,A F-Br, r’, A B F-~, ~ (r) F F A B *

Additives:

I~F-A,A FFB,A r,AF-A F,BI—~
F F-A&B,A F,A&B F-A F,A&B F

F,AF—A F,BF-A ~ FF-A,A FF-B,A
F,A$B F—A F FA~B,A F F-AEDB,

* Observethatin rule(—or) weonly dealwith oneformulaon theright-ha

sideof theturustyle,accordingto ourintuitionistic flavourof LinearLogic
Thenwehaveanotherobviousproposition

Proposition4 An additiveHeytingLineale(L, �, o, —a, 0, e,I, ±, x, 1, 0) is
algebraic modelof LinearLogic, asdescribedabove.

Justreadatomicpropositionsin LL as elementsof L, F- asleq, ® as 0 ai
the otherconnectivesandconstantsfor their homonimous.

Note that theposetreflectionof GC isa lineale,thesimplestnon-collaps
one(seefigure above).

3. A categoricalconstruction

SupposeC is a concretelinear categorywith products,by thatwe mean
concretesymmetricmonoidalclosedcategorywithproducts.And supposeth
L is an objectof C endowedwith a (Heyting) lineale structure(�, 0, —a,

(perhapsalso(0,1)). To makenotationmanageablewewrite:

• [U, V] for the internalhorn in C,
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• U ® V for thetensorproductin C, with identity I;

• U x V for the categoricalproductin C, with identityI.

ThenwecanconstructthecategoryMLC, whichhasasobjectsmorphismsof
Cof theform U® X—~-*L. Onesuchobjectis written as(U~-+-—X)andcalledA.

Giventwo objects,saysA = (U ÷~+—X)andB = (V ÷~-1-—Y),the morphisrr*s
of MLC are pairsof morphismsof C, f: U -4 V andF: Y — X suchthat the
following diagramis satisfied,

1J®F
U®Y ~LI®X

L

wherethe diagrambeing satisfied meansthat given u 0 y in U 0 Y, the
compositemorphismcx . (U® F) appliedto (u ®y) asanelementof L is smaller
than~. (f® Y) appliedto (u 0 y). Simplifying, morphismsarepairsof maps
in C(f,F),f: U—i VandF: Y—>Xsuch that

a(u,Fy)�f~(fu,y)

It is easyto verify thatMLC is a categorywith an abundanceof symmetric
monoidalstructures.

Proposition5 Theconstructionabovereally definesa categoryMLC.

Clearlyidentitiesarepairsof identitiesof C, compositionis compositionin
eachcoordinateand associativity is an immediateconsequenceof the as-
sociativity in C.

Linearstructureof MLC
Oneof thepossiblesymmetricmonoidalstructuresof MLC is:

Definition 7 Given two objectsA = (U ~-f—-X)and B = (V ~-~-~-—Y)in MLC we
defineA 0 B their tensorproduct asfollows:

A® B =(U® V~~LJV,X]x[U, Y])

The morphism a® ~3 intuitively says a ® ~3(a, v,f, g) = a (a, fv) a 1~(v, gu).
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To definethemorphisma® ~ considerthefollowing map,which wecall a:

(U® V)®([V,Xjx[U, VI) ~ V®[V,X] ~®~‘> U~X—~-÷L

Similarly wedefine(U® V) ® ([V. X] x [U, YD—~--~L.Thentoget a® ~ we
pair aand~andusethe multiplication < o >> of L, asfollows:

(U®V)®([V,XJxLLI,YJ) <°‘~LxL -2---~L

Proposition 6 The constructionabove inducesa bifunctor, covariant in
both coordinates,with identity IM givenby (I ~—~---~--- I), wherethe morphism
I ® I I —~--~Ljust picks up the object e > from L.

Note that ® is not a categorical product, for instancewe have no
projections,even if C is a Cartesianclosedcategory.

Definition 8 Given two objectsA = (U ~±--X) and B = (V #~—Y)in McC wedcfinr
[A, B] their internal horn asfollows

[A, BI = ([U, VI x IV, XI ~ U ® Y)

Themorphism cx —o f~>intuitively says(a ~) (f,F, a,y) = a(u, Fy) --a J3 (fu, y).
The definitionof themorphisma—a ~ is similarto the definitionof ® above.
First considermaps~ and~:

(LU, VI x IV, XI) 0 (U 0 Y) ~ ®~®~>[U,VI 0 U 0 V --~-~ V 0 V

~

Then, to obtain a —o we pair ~ and ~ and composethe result with —a,
consideredasa map from L x L to L:

([U,V]x[Y,X])®(U®Y)~~> LxL~ L

Notethat if weconsidertheinternalhorn [A, A]=([U, UIx[X, Xl ÷~-~--~--- U® X),
thereis alwaysa morphismfrom IM to it,

I I

[U,U]x[X,XJ ~--~-~--—U®X

asC is symmetricmonoidalclosedwith productsande � a (a, x) —a a(a, x).
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Proposition7 Theconstructionaboveinducesa bifunctor,contravaria~ztin its first
coordinateandcovariant in its secondcoordinate.

Having definedbotha tensorproductandan internal hom, we want to
provethat theyprovideuswith a symmetricmonoidalclosedcate~gory.

Proposition8 ThecategoryMLC is a symmetricmonoidalclosedcategory.

The proof is simple,onehasto verify thenaturalisomorphisn-i:

Horn (A ® B, C) Horn (A, [B, C])

This canbe doneby looking at the diagram

U®V ~ [V,XJx[U,YJ U X

f <fz,f2> <f,f2> fi

W ~ z [V,W1x[Z,Y]<~i~ v®z

If the morphism(f, <ft’ 12>) is a Hom (A 0 B, C), thengiven (u, v) in U 0 V
andz in Z, we know (a 0 ~)(u, v,f1z,f2z)� y (f(u, v), z).

Thatmeans,bydefinitionof tensor,that a(u,f1zv) 0 ~Mv,f,zu)� ~y(f (u, v),z).
ButasL- is a lineale,

a (a,fiw) 0 ~ (v, f2zu) � y (f (ii, v), z) ~ a (u, fzzu)� ~ (a, f2zv) -o ?(f (u, v), z)

Now to showthat kf,f2>, f~)is in Hom (A, [B, C]) wehaveto show

a (a, fi (v, z)) � (f3 —0 y~~‘fu,f2u, v, z)

But (~--a y) (fri. f2u, v, z) = ~3(v, f2uz) —a ‘y (fuv, z) which we know, if
ransposingis allowed.

If we havea Heytinglinealewe canalso defineanotherbifunctor < D> of
bjectsin MLC.

)efinition9 GiventwoobjectsA = (U ~-~-i-----X)andB = (V ~-+—Y)in MLCwedefine

o B their /par operatorasfollows:

ADB=([X,VJx[Y, LJ]~X®V)
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The morphism a 0 ~3 intuitively says(a 0 ~3)(f, g, x,y) = a (x, gy) ~ f3 (fx, y).
Thedefinitionof the morphismcx 0[~is similar to thedefinitionsof ~ and 1-. -]

above.Firstconsidermapsaand~:

(IX, VI x IV, U]) 0 (X 0 Y) ~ ®~‘)[X, VI 0 X 0 Y) ~‘ ~ V ®~‘—~--, L

([X,V]x[Y,U])®(X®Y) ~øX~Y)[yU]®x®y) Xøeval)U® X—~—~L

Thento obtaincx 0~ wepair~and13 andcomposetheresultwith 0, considered
asa mapfrom LxL to L

([U,V]x[Y,X])®(U®Y)<>LxL~9~~~L

Proposition9TheoperationAD Bdefinesa bifunctor0 : MLC x MLC -4 )VILC with
identitygivenby theobjectIM=(< 111), wherethemapl:101=1 —4 L
picksup theobjectI from L. -

4. Additive structureof MLC

Now we want to define productsandcoproductsin MLC. To do that we
needatleast

• asemi-additive(Heyting) lineale

• (disjoint?) coproductsin C.

Note that it is not necessaryto add productsand coproductsto M~Cat
the sametime.

SupposeC is a linear category with coproducts.Then a form of dis-
tributivity holds,namely:

U®(V± W)=~U® V+ U® W

As C is symmetric monoidal closed, the functor U 0 (-) has a
right-adjoint, [U, -1, henceit preservescolirnits and,in particular, initial
objectsand coproducts.

Definition 10 Given two objectsA = (U -5-f----X) and B (V ~-i----Y)in M~Cwe
defineA & B their categoricalproduct asfollows:

A & B = (U x V ~X + Y)
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The morphism a & ~3 intuitively says(a & ~3)(u, v, (~))= a (u~x)~‘< ~3(a, y).

But notethat, despitethesimilarity with previousdefinitions, themulti-
plication < x is not used,what is usedis the structureon C, asan elementof
X + V is either(x, 0) or (y, 1) but notboth.

Proposition10Theoperation<< & abovedefinesa bifunctor& : MLC xMLC —3 MLC,
with identitygivenby IM (I ~ 0) andA & B isreallya categoricalprodu ct inMLC.

To definethemorphism(U x V) 0 (X + Y) & ~ L in C, whichcorresponds
to theobjectA & B in MLC, wedo:

~t~®1+~t
2

®1 (“)
(UxV)®(X+Y)~(UxV)®X+(UxV)®Y >U®X+V~V m-~

Projectionsaretrivially givenbyprojectionsin C in thefirst coordinateand

!anonical injectionsin thesecondcoordinate.

UxV X+V

1ti

U

Li < I X

ë havea diagonalfunctor A : MLC —f MmC xMLC

___ I
UxU X+X

~n by the diagonal in C in the first coordinateand the canonicalfolding
~in the secondcoordinate.
b showtheuniversalpropertyof productsweconsideranobjectC = (W ~—~+---Z)
that therearemapsinMLCof theform

w T z

~ JF gf JG

U ~— X V ~—Y
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Thenthereis auniquemapin MLC from C to A & B,

W ( Z

<f, g> (~)
UxV I X+Y

Dually wecandefine

Definition 11 Given two objectsA = (U +~—~—-X)and B = (V -~-t-—Y)in MLC we
defineA 0 B their categoricalcoproductasfollows:

AE?B=(U+V< aE~f3 XxV)

The morphism a0 >> intuitively says(a® ~)((~),x,y) = a (x, g-y) 0 ~3(fx, y).

It isanothereasypropositionto showthatA 0 B isabifunctorwith identity
= (0 4-~-1—1) andA 0 B is a categoricalcoproduct.Note thatasmorphisms

of C °M and 1
M are isomorphic,but not asobjectsof MLC. Note also that the

additivestructureof the linealeL is notusedat all.

The categoryMLC was definedfollowing the pattern of CC, so it is no
surprisethat

Proposition11 ThecategoryMLC is a modelof Linear Logic as describedbefore.

The lastobservationin this sectionis that we candescribeanotheruseful
monoidalstructurein MLC.

Definition 12 Given two objectsA (U ~-i—-X)and B = (V k—~t—--Y)in MLC we

defineA 0 B anothertensorproductasfollows:

A a B = (U 0 V ~-~-~-~-- X 0 Y)

Themnorphismn<< a 0 intuitively says(cx 0 ~3)(u 0 v,x0 y) = cx (u, x) 0 ~ (a,y).

Its usefulnesswill becomeapparentin the nextsection.

5. Modalities in MLC

Now the intentionis to defineacomonadin MLC to providean interpreta-
tion of themodality or exponential~! >> of Linear Logic.
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We startby recallingtherulesfor the modality <<1 >‘. Thesearc~:

_____ rE-B
F, ! A F— B (dereliction) r, I A F-- B (weakening)

F’,!A,!AF—B . !FF—A
F, I A F— B (contraction) IV. F I—! A (!)

But as observedby severalpeople,the four rulesfor the modality << ! >> fall
neatly into two pairs. The pair (II, III) hasto do with puttingbackinto the
logic,in acontrolledway, contractionandweakeningandthepair (I, IV) make5
<<!>>look like the0 modaloperatorof S4.

SupposeC is a linear categorywhich hascountablecoproducts(instead
of finite onesasin thelastsection).Thenusingthewell-knownconstruction
of MacLane ([CWM] p. 168 theorem 2) we can show that C has free
(commutative?)monoids,asC being symmetricmonoidalclosedtheother
condition in MacLane’s theoremis automaticallysatisfied.Having free
monoidsmeansthatthereexistsafunctorF: C —3Mon C, whichis left-adjoint
to theforgetful functorU: Mon C —9 C. In otherwords,thereis an adjunction
<F, U, ~, c> : C -4 Mon C, which wewrite simplyasF —1 U.

Theadjunction saysthateverymapon C of the form,

X_~~L,U(V, Ily, FLy)

corresponds,by anaturalisomorphism,to amonoidhomomorphismfof theform

(X, 1lx~,~tx)~(V, i~y,~y)

Wewrite ( )~for thecompositefunctor U • F: C —f C, recall fromMacLanethat
X = II je~X’ anddenoteby (*, 1. FL) the correspondingmonadin C.

Note that the unit of the adjunctionF —I U, the natural transformation
ii: C —f C takesany objectX of C to thecarrier of the free monoidX~.Also
the co-unit of the adjunction e : Mon C -4 Mon C takesany free monoid
(Xe, -yr, ~f) arising from an arbitrary monoid (X, ~, Ft) to itself. Thus

e:FU(M,1,~t)= (M,11*,1L*) —~(M,i,ti)

where the morphisme correspondsto <<iteration >> of theoriginal multiplica-
tion Ft.

Now, in thisstrongerversionof theexistenceof monoids,themonad(*, i~,~t)

is easilyproveda strongmonad,so therearemorphisms

st(X,Y)[X,VJc—>[ ,iIc
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andusingthesewecandefinetheendofunctorbelow.

Definition 13 TheendofunctorS : MLC —* MLC takesan object(U +~-I---—X)ofMLC
to theobject (U~-~f-~--XD,whereintuitively uSa(x1, X2, ..., xn)meansUeLXI anduax2
and ... andUaX~.

The objectSaof MLC isdefinedby thesequenceof morphisms

U®X -~-~L

U —+ IX, LI -~--* [IC, L~]

U®X—3L -~---*L

So far sogoodandvery similar to what happensin GC. But if we try to

makeanotherdefinition

Definition 14 TheendofunctorT : MLC -9 MLC takesan object (U *~‘-f-—-X)of MLC

to theobject (U 4~—[U, K]), whereintuitively uTafmeansuafu.

Butto givethemorphismin U® [U, X1-1-~9Lwewouldnecdto <<duplicate U, sothat

U®[U,X] ~

Also to obtaincomonoidsin MLC, which would satisfyrules(contriiction)and
(weakening),for instance

1<’ 1
U®U < I [U,X’]x(U,X’J

weneed U’s with somekind of structure.
Thus the proposalat themomentis to takeC with freecomonoids,having

‘ree comonoidsmeansthat thereexistsa functorF1 : C —m’Common C, which
sleft-adjoint to the forgetful functor U1 : CommonC —* C. In other words,
hereis an adjunction<P1. U1, ‘q, c> : C —4 Mon C, which we write simply as

-H U1.
Theadjunctionsaysthateverymap on C of the form,

X-1----->U (V. !y,
6

y).

Irrespondsbyanaturalisomorphism,toacomonoidhomomorphism7oftheform
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(X*, 11x, 6x) ~ (V. i~y,~y)

We write O~for thecompositefunctor U • F: C -9 C, anddenoteby’ (( ),~,-q, i—il
thecorrespondingmonadin C.

Definition 15 TheendofunctorF : MLC —* Mi.C takesan object (U i~—)~)ofMLC to
theobject(LL ~~-~--XD,whereintuitively uFa (xi, X2, ..., X~)meansthat u c~mnbeshared
outbetweenuj, U2, as manytimesasnecessarysothat uiaxi andU2c1x2and.. . andu~cxx~.

ButthisdefinitionofF hastobeshownto workandthisis workin progress.

6.Furtherwork

Apart from making sure that the definition of the modality << >~ works
properly,which seemsto be clear from previouswork on Hopf Algebrasby
Sweedlerandothers,it seemsthat the main work that remainsto be doneis
to getthingsattherightlevel of generality.Theoneadoptedhereseemsclearly
inadequate,asonewould like to <<changebasis ‘> on doing theccnstruction
of MLC, i. e. onewould like to haveconstructionsMLC, with differentL’s.

It is worth mentioning that thereis somejoint work in progresswith
Carolyn-Brown from LFCS, Edinburghconnectingthequantalesn-iodelsfor
Linear Logic arising from Petri Nets to the dialectica-likeonesproposedin
Brown/Gurr,Lics’90, see[H&dP] for theextensionthatallowsPetriNetswith
multiplicities >2.
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