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We started assumina knowledae aBout power series (radius
of converaence) from Analysis | and uniform converaence
from Analysis .

Def of holomorphic function <= Cauchy-Riemann eans

=SS VS U=l = — V.

Power series can e differentiated co many times.

New concept: intearation alona curves.

b
/ f(2) dz = / FA () (1) .




Cauchy Thm for As: f: U — C holomorphic, T C U

/an(z)dz:O.

(Surdivision araument.)

Anttiderivative Thm: f : U — C continuous with

f(z)dz=0
oT

for all T C U star-domain, then there is F st. F' = f.

Gives via the the FTC

Convex Cauchy: f : U — C hol in star-domain U, then

/ f(z)dz=0 for all closed +.
-




Convex Cauchy applied to M in D(a, r) qave CIF
(addendum):

p<r, we D(a,p).

Liouville, Maximum modulus principle, Mean value proper-ty,
FTA.

= Usina L Z((W 2 e aot
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Taylor expansion



f is oo differentiarle

Morera (converse Cauchy)

uniform limit of holomorphic functions is holomorphic

Riemann zeta function: ((s)

Principle of isolated zeros =— Analytic continuation




Topoloaical ideas: Index and homotopy

6(b) —6(a)
2w

where we write (t) = w + r(t)e’(®), with 6 continuous (y
cdosed and w ¢ imace(7).

I(y, w) := €Z,

Akternative way of writing the index:

1 dz
IC%W)Z%/Z*W.
v

Constant on connected components of C \ imaae(7).

Notion of homotopy: continuous deformations of curves.



A theme: "form local to aloral’. This aave -Homotopy form
of Cauchy thm: f: U — C holomorphic with ¢ and 1

homotopie, then
/ f(z)dz = / f(z) dz.
é P

ApplyinG this to W

an annulus we ot

and two concentric circles rounding

The Laurent Series: f(z) = 3% _ c,(z — a)"

— 00

=
Isolated sinaularities: removarle, poles and essenttial

c_1 = Res,—,f.



f:U\{z,...,z} — C holomorphie, U simply connected.

R esidue theorem:

/ f(z)dz = 27riz I(, z))Res,—.f.
’y .

J

Computing definite intearals via residues (Jordan’s
lenmma ete)

Looking at  and I(f 0+,0) = N — P we aot

Arcaument principle, local dearee, open mappina thm,
R ouché.




