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Overview of the talk

I Definition of polyhedral Kähler manifolds.

I A question about line arrangements.

I Polyhedral Kähler manifolds are complex manifolds?

I Frankel conjecture and K (π, 1) property.



Starting point

There are two ways to define elliptic curves over complex numbers.

1) Algebraic geometry. Consider complex solutions to the equation

y2 = x3 + ax + b.

2) Consider a parallelogram on C1 and identify its opposite sides
by parallel translation.

Polyhedral Kähler manifolds generalize the second way. We will
define them, show some natural situations where such manifolds
appear, and investigate these manifolds.
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Definition of polyhedral metric

Definition
A polyhedral manifold is a manifold that is glued from a collection
of Euclidean simplexes by identifying their hyperfaces via isometry.

Example

Surface of a tetrahedron in R3 is a sphere S2 glued out of four
triangles. The metric induced on S2 has four conical points.

Singularities. Singularities of the metric happen in real
codimension 2.
At generic points the singularity is just the product Rd−2 × Cone.
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Holonomy, definition of polyhedral Kähler.

Consider a manifold Md with a polyhedral metric and denote by
Md−2

s the set of its metric singularities.

We have π1(Md \Md−2
s )→ SO(d) the holonomy map, given by

parallel translation with respect to the metric.

Definition
A polyhedral manifold M2n is called Polyhedral Kähler if the
holonomy belongs to U(n) ⊂ SO(2n).

Note that SO(2) = U(1). We have Troyanov’s theorem:

Theorem
Let (S , x1, ..., xn) be a Riemann surface with marked points. Let
αi > 0 be such that

∑
i (1− αi ) = χ(S). Then there exists a

unique up to scale metric on (S , xi ) with conical angles 2παi at xi
compatible with the conformal structure on (S , xi ).
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A question on line arrangements

Consider a line arrangement (L1, ..., Ln) in CP2 and for each
multiple point xi define µ(xi ) = number of lines through xi .

Question
What values can attain the total multiplicity:

∑
xi
µ(xi ) =???

There are two extremities: n for the pencil of lines and n(n− 1) for
a generic arrangement.

We call an arrangement stable if µ(xi ) <
2
3n for all xi .

Theorem
(Langer, P.) For a stable arrangement

∑
i µ(xi ) ≥ n(n+3)

3 .
(P.) If equality holds then each line intersect others in n+3

3 points.
Moreover, there is a polyhedral Kähler metric on CP2 with conical
angles 2π n−3

n at the lines.
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Hint of a proof

Remark. Arrangements of n lines that intersect others in n+3
3

points appeared first in a work of Hirzebruch.
For the moment all known such examples come from finite
complex reflection groups.
An example: six lines that go through 4 points.

Flat metric defines a logarithmic connection on the tangent bundle
of CP2 and defines a parabolic structure.

Stability corresponds to stability of the parabolic structure on
TCP2.

The inequality
∑

i µ(xi ) ≥ n(n+3)
3 is Bogomolov-Gieseker inequality

on parabolic Chern classes of the bundle.

Existence of the metric follows from the work of Takuro Mochizuki.
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Number of cusps on a degree 6 curve

Question
Consider an irreducible curve of degree 6 in CP2 whose only
singularities are cusps. What is the maximal number of cusps?

Answer is 9. This curve is dual to a curve of degree 3.

Metric on CP2 with singularities at the sextic.
The metric is obtained by taking a S3 quotient of a complex
two-dimensional torus. Namely we take an elliptic curve E and
consider on it triples of points satisfying x1 + x2 + x3 = 0, then
take quotient by S3.
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Existence of complex structure

Conjecture. Every polyhedral Kähler manifold M2n has complex
structure.

More precisely, M2n is PL diffeomorphic to a normal complex
analytic space with singularities in complex co-dimension 3.
The diffeomorphism is a bi-holomorphism outside of metric
singularities.
The singularities of the metric form a collection of divisors on M2n.

Remark. By definition complex structure exists on the
complement to singularities.

The case n = 1 is simple. Note that

z
1
α

is well defined in a neighborhood of a conical point of angle 2πα.
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More on complex structure

Theorem
Conjecture holds for n = 2 (P.), i.e. a PK manifold of dimension 4
is a smooth complex surface.
Moreover conjecture holds for n = 3, (P., Verbitsky).

Corollary

A smooth four manifold that does not admit a Kähler metric, does
not admit a PK metric.

Singularities in complex codimension 3 do happen.

Example

Consider the singularity zn
0 + z2

1 + z2
2 + z2

3 = 0, n = 3. The link is
so-called Kervaire sphere it is just S5. More generally we can
replace 3 by n = 3, 5 mod 8, so there is an infinite series of
examples.
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Question
What complex projective (or Kähler) manifolds are polyhedral
Kähler?

The list of higher-dimensional manifolds that are known to admit a
PK metric is quite short. Some K 3 surfaces. Abelian surface
blown up in one point... They are related to ramified covers of
CP2 or products of curves.

On the other hand all, Kähler surfaces that are known (to me) not
to admit a PK metric are non-algebraic.
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Polyhedral analogue of Frankel conjecture

Conjecture

Consider a manifold M with polyhedral metric. Call it
non-negatively curved if the conical angles along co-dimension 2
faces of M are at most 2π.

Suppose that the holonomy of the metric on M is irreducible and
b2(M) > 0.

Then M has a natural holomorphic structure with respect to which
it is biholomorphic to CPn and the original polyhedral metric on M
is a singular Kähler metric with respect to this complex structure.

Remark
On Sn there are lots of polyhedral metrics of positive curvature.
Take the boundary of any convex polytope in Rn+1.
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An approach to a proof

Theorem
Cheeger 1986. Let Mn be a non-negatively curved polyhedral
manifold, then every w ∈ Hk(Mn,R) can be represented as a
parallel form on Mn.

If we apply this theorem to our situation, since b2 > 0 we get a
parallel 2-form.
Since the holonomy is irreducible, our manifold is polyhedral
Kähler.

The main task is to show that the PK manifold has a complex
structure (this would follow from the previous conjecture). And as
well that this complex structure has no singularities. In this case it
is easy to see that the tangent bundle is nef.
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K (π, 1) conjecture

Conjecture

Let Md be a manifold with non-negatively curved polyhedral
metric. Then Md \Md−2 is a space of type K (π, 1).

Theorem
Panov, Petrunin. Conjecture holds when d = 3 or d = 4 and the
manifold is polyhedral Kähler.

We don’t have yet sufficient evidence for this conjecture to be true.
But as an immediate corollary we get the following conjecture.

Conjecture

Orlik, Terao. Bessis theorem. Complement to a finite complex
reflection arrangement is K (π, 1).
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Allcock. Completions, branched covers, Artin groups and
singularity theory

Panov. Polyhedral Kähler manifolds.

Panov, Petrunin. In preparation. Ramification conjecture, in
preparation.

Panov, Verbitsky, in preparation.


