
ALGEBRAIC GEOMETRY (PART III)
solutions of some problems on example sheets 3 and 4

CAUCHER BIRKAR

Solution of Problem (6) on Sheet 3: Let z, x denote the points in Z = A2
C and X

corresponding to the ideal 〈t1, t2〉 in the rings R = C[t1, t2] and S = C[t1, t2]/〈t22 − t31〉,
respectively. We have an exact sequence

0→ 〈t22 − t31〉 → R→ S → 0

Now assume that the sheaf ΩX/Y is locally free of rank n. Then, its stalk at any x′ ∈ X
is a free Ox′-module of rank n. If x′ 6= x, then the relation 2t2dt2 = 3t21dt1 (which comes
from t22 − t31 = 0 in S) shows that the stalk of ΩX/Y at x′ is generated by one element.
Thus, the rank n = 1. Therefore, the stalk at x is also generated by one element, say ω.

So, we have an isomorphism Ox → (ΩX/Y )x of Ox-modules which is given by multipli-

cation by ω. In particular, there are f/g and h/e in Ox such that dt1 = f
g
ω and dt2 = h

e
ω.

Here f, g, h, e are in S. Note that g, e do not belong to x (considered as an ideal of S).
Now the relation

2t2dt2 = 3t21dt1

gives

2t2
h

e
ω = 3t21

f

g
ω

Since ω is the generator of the stalk we have

2t2
h

e
= 3t21

f

g

from which we derive

2t2hg = 3t21fe

in S. The above exact sequence then gives the relation

2t2hg = 3t21fe + p(t22 − t31)

in R for some p ∈ R. So, we get

t2(2hg − pt2) = t21(3fe− pt1)

which in turn implies that 3fe − pt1 = qt2 for some q ∈ R. Therefore, 3fe ∈ 〈t1, t2〉 in R
which means that f ∈ 〈t1, t2〉 by our choice of e. Similarly one gets h ∈ 〈t1, t2〉.

So, we have shown that dt1 and dt2 are both in the image of the maximal ideal of Ox un-
der the isomorphism Ox → (ΩX/Y )x. This is a contradiction because dt1 and dt2 together
generate (ΩX/Y )x as an Ox-module.

Problem (20) on Sheet 3: The solution given in the problem class is not complete. You
may ignore this problem altogether.
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Problem (10) on Sheet 4: I will only write a sketch. It is enough to define the product
for the Čech cohomology groups. Let U = (Ui) be a finite open affine cover of X. For each
p we can define a product

Cp(U ,F)× Cq(U ,G)→ Cp+q(U ,F ⊗OX
G)

by sending a pair consisting of s = (si0,...,ip) and t = (ti0,...,iq) to r = (ri0,...,ip+q) where
ri0,...,ip+q is the element determined by si0,...,ip ⊗ tip,...,ip+q . We denote r = s ^ t.

As in algebraic topology, one shows that the following relation holds

d(s ^ t) = ds ^ t + (−1)p(s ^ dt)

where each d is either the map

Cp(U ,F)→ Cp+1(U ,F)

or
Cq(U ,G)→ Cq+1(U ,G)

or
Cp+q(U ,F ⊗OX

G)→ Cp+q+1(U ,F ⊗OX
G)

From the above relation one deduces that the product defined induces a so-called cup
product

Hp(X,F)×Hq(X,G)→ Hp+q(X,F ⊗OX
G)


