
This note contains my essay descriptions with some more information.

Tips: Avoid copy-pasting from the references and show that you have un-
derstood what you are writing. Put background material in a ”Preliminary”
section.

1. Birational geometry and Néron models in arithmetic . . . . .
C. Birkar

Néron models play an important role in the arithmetic geometry of elliptic
curves and more generally abelian varieties. Their construction is closely
related to birational geometry. The focus of this essay will be mainly on the
birational geometry involved rather than the arithmetic.

Let R be a Dedekind domain and K its fraction field (for example R = Z and
K = Q). Consider an elliptic curve E over K. A Néron model for E is essen-
tially a ”nice minimal” arithmetic scheme X over R whose generic fibre is E.

The candidate is expected to discuss the following:

• Classical birational geometry of surfaces over algebraically closed fields
[1, Chapter V]: This should include blowups of smooth points (monoidal
transformations), Castelnuovo’s criterion [1, Chapter V, Theorem 5.7] with
proof, and existence of minimal models [1, Chapter V, Theorem 5.8] with
proof.
• Birational geometry of arithmetic surfaces [2] or [3] ([2] is recommended as
it is more recent): This should include blowups [2, Chapter 8], Castelnuovo’s
criterion [2, Chapter 9, Theorem 3.8] with proof, existence of minimal regular
models [2, Chapter 9, Theorems 3.19 and 3.21] with proofs, plus necessary
background material.
• Néron models of elliptic curves [4, Chapter IV]: Brief discussion of ex-
istence of proper regular models [4, Chapter IV, Theorem 4.5(a)], Néron
models and some of their basic properties [4, Chapter IV, Section 5], sketch
of proof of existence of Néron models [4, Chapter IV, Theorem 6.1], plus
necessary background material (eg, group schemes, [4, Chapter IV]).

The ambitious candidate may choose to discuss the Néron models of abelian
varieties as well for completeness (good expositions are available online).

Relevant Courses

Part III algebraic geometry.
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2. Aspects of birational geometry in positive characteristic. .
C. Birkar

Birational geometry over fields of characteristic zero has seen tremendous
advances in the last three decades. In contrast, a lot more work is needed
to develop a reasonable birational geometry over fields of positive charac-
teristic. It is expected that in the near future the focus will shift from zero
characteristic to positive characteristic and this provides great opportunities
for future research.

This essay focuses on some aspects of birational geometry in positive char-
acteristic that have emerged recently. We will be mainly interested in the
properties of divisors on smooth or normal projective varieties.

The candidate is expected to give a fairly detailed account of the following
closely related topics.

• The non-nef locus of a divisor: proof of [1, Theorems C and D].
• The augmented base locus of a divisor: proof of [2, Theorem 1.1].
• The numerical dimension of a divisor: proof of [3, Theorem 1.1].

You also need to discuss certain necessary background material such as
divisors (ample, nef, big, pseudo-effective). The essay should not be just a
copy-paste of the the above results but rather a comprehensible account of
the main ideas and concepts involved.

Relevant Courses

Part III algebraic geometry.
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