
Part III: Riemannian Geometry (Lent 2017)

Example Sheet 3

1. Show that the volume form of a Riemannian manifold is parallel, ∇ωg = 0, with respect
to the Levi–Civita connection of g.

2. (normal frame fields) Show that for each point p ∈M of a Riemannian manifold there
exists an orthonormal frame field e1, . . . , en defined on some neighbourhood of p and
such that ∇ei vanishes at p for each i. [Hint: you might like to first verify that the
coefficients Γi

jk of the Levi–Civita connection in the geodesic coordinates at p ∈ M ,

vanish at p.]

3. Show that for the Levi–Civita connection, the following diagram commutes

Γ(ΛpT ∗M)
∇ //

d ((

Γ(T ∗M ⊗ ΛpT ∗M)

alt
��

Γ(Λp+1T ∗M),

where alt(ξ ⊗ α) = ξ ∧ α denotes projection to the subspace of anti-symmetric tensors
(p > 0). Deduce the formula for the exterior derivative of one-forms

dα(X,Y ) = (∇Xα)(Y )− (∇Y α)(X)

as stated in the Lectures. ∗ Show that these results hold for any torsion-free connection
∇ on M .

4. (i) The divergence of a (1, 3)-tensor R may be defined as a (0, 3)-tensor (i.e. a tri-linear
function of tangent vectors X,Y, Z)

(divR)(X,Y, Z) = tr
(
V → (∇VR)(X,Y, Z)

)
.

Show that if R = (Ri
j,kl) is the (1, 3)-curvature tensor, then

(divR)(X,Y, Z) = (∇X Ric)(Y,Z)− (∇Y Ric)(X,Z).

Deduce that divR = 0 if and only if the Ricci curvature satisfies:

(∇X Ric)(Y, Z) = (∇Y Ric)(X,Z) for all X,Y, Z.

(ii) (M. Berger) On a closed Riemannian manifold (M, g) show that if divR = 0 and
the sectional curvature K ≥ 0, then ∇Ric = 0. [Hint: use the relation 2 tr∇Ric = ds
to conclude tr∇Ric = 0. Here (tr∇Ric)(X) =

∑
i∇ei Ric(ei, X)), for orthonormal ei.]

5. Show that the co-differential δ on p-forms may be equivalently defined by

(δη)(X2, . . . , Xp) = −
n∑

i=1

(∇eiη)(ei, X2, . . . , Xp) = −
n∑

i=1

(
i(ei)(∇eiη)

)
(X2, . . . , Xp)

where ei is some/any local orthonormal frame field. (In particular, δ and ∆, are
independent of the choice of orientation and in fact may be defined on non-orientable
manifolds too.)
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6. (i) Show that Hol0(M) is a normal subgroup of Hol(M) and that there is a natural,
surjective group homomorphism π1(M)→ Hol(M)/Hol0(M).

(ii) Show that Hol(M̃) = Hol0(M), where M̃ denotes the universal Riemannian cover
of M .

7. Determine the holonomy of the unit sphere Sn ⊂ Rn+1 (with the round metric).

8. A theorem due to de Rham asserts that if we decompose the tangent bundle of a Rie-
mannian manifold (M, g) into irreducible components according to the holonomy repre-
sentation, TM = τ1⊕ . . .⊕ τk, then around each point p ∈M there is a neighbourhood
U that decomposes into a Riemannian product, (U, g) = (U1 × . . .× Uk, g1 + . . .+ gk),
so that TUi = τi for each i.

Deduce that if the holonomy group of (M, g) has no invariant subspaces (i.e. the
holonomy representation is irreducible) and the Ricci tensor is parallel ∇Ric = 0, then
M is Einstein (Ric = λg, for some λ ∈ R). [Hint: eigenvalues.]

9.∗ (This question requires Frobenius theorem.) Suppose that (M, g) admits a parallel
field of k-dimensional tangent subspaces (k ≤ n − 1), i.e. a rank k subbundle of TM
invariant under parallel transport. Show that every such distribution is integrable
(involutive).

10. Using the skew-symmetric linear maps

X ∧ Y : TpM → TpM, X ∧ Y (V ) = g(X,V )Y − g(Y, V )X,

show that Λ2TpM ∼= so(TpM). (Elements X ∧ Y of Λ2TpM are sometimes called
bi-vectors.) Now let R : Λ2TpM → Λ2TpM be a linear endomorphism induced by
the curvature (0,4)-tensor. Deduce that the image of R is contained in the holonomy
algebra R(Λ2TpM) ⊂ holp(M).

11. (i) Show that a compact Riemannian manifold with irreducible holonomy representa-
tion and Ric ≥ 0 has finite fundamental group.
(ii) Let G be a compact Lie group endowed with a bi-invariant metric. Show that G
admits a finite cover by G′ × T k, where G′ is compact simply connected and T k is a
torus.
∗ Show that if G has finite fundamental group, then its Lie algebra has trivial centre.
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