Part ITI: Riemannian Geometry (Lent 2017)

Example Sheet 2

1. Give an example of a non-compact complete Riemannian manifold with Ricci curvature
(strictly) positive-definite at each point.

2. Let G be a Lie group whose Lie algebra g has trivial centre. Suppose that G admits
a bi-invariant (i.e. left- and right-invariant) Riemannian metric. Show that G and its
universal cover are compact. Deduce that SL(2,R) admits no bi-invariant metric.

3. (i) Show that the Hodge star on A?(R*)* determines an orthogonal decomposition

A?(R*)* = AT @ A~ into the £1 eigenspaces and dim AT = dim A~ = 3. Deduce that
on every oriented 4-dimensional Riemannian manifold M there is a decomposition of
2-forms Q*(M) = QT @ Q~, so that a Aa = i\a|§ wy, for every a € QF, where wy is
the volume form. (2-forms in the subspaces QF are called, respectively, the self- and
anti-self-dual forms on M.)
(ii) Now assume that M is a compact 4-dimensional oriented Riemannian manifold.
Show that the expression [ v @A\, for closed a, 3 € Q2(M), induces a well-defined
symmetric bilinear form on the de Rham cohomology HZ2,(M). Let (b (M),b~(M))
denote the signature of this bilinear form. Show that b*(M) = dim H*, where H*
denotes the space of harmonic (anti-)self-dual forms on M.

4. (i) Derive explicit formulas for %, §, and Laplace-Beltrami operator in Euclidean space.
In particular, show that if

o= Z ardxi; A ... ANdg, (I =i1,...,10p),
11<...<ip
then
" 9%
<. <ip =1 "
(ii) For u,v € C*°(M), show that A(uv) = (Au)v—2(du, dv)y+uAv (M is an oriented
Riemannian manifold).
5. Calculate explicitly the expression of the Laplacian for functions:
(a) on the hyperbolic plane H? = {(z,y) € R? : y > 0}, where the metric is
dz? + dy? .
y:
(b) on the unit sphere S C R™*! in local coordinates given by stereographic projec-
tions. (The metric on S™ is the standard ‘round’ metric induced by the embedding.)

g(z,y) =

*Express the Laplacian on the Euclidean R"™!\ {0} in terms of the Laplacian on the
unit sphere S™ (recall that the Euclidean metric can be expressed as g = dr? + r2dS?,
where r = |z|, z € R""! and dS? is the ‘round’ metric on S™). Deduce a formula for
the Laplacian on spherically-symmetric functions f(r).

6. Let o and 3 be n-forms on a compact oriented manifold M™ such that | o= / u B
Prove that o and f differ by an exact form. (Stokes’ theorem may be assumed.)
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7.

10.

Show that the partial differential equation Af = ¢ for a function f € C*°(M) on a
compact oriented Riemannian manifold (M, g), with a given ¢ € C°°(M), has a solution
if and only if [}, pwy = 0. (w, denotes the volume form.) Is the solution unique?
*Discuss the solvability of A(Af) = ¢ when f,¢ € C*°(M) and more generally when
f, ¢ are p-forms.

. Let M be a compact oriented Riemannian manifold and F' a diffeomorphism of M which

preserves the volume form on M. We say that a form « € QP(M) is invariant under F
if «o F' = v and we say that the Laplacian A is invariant under F if AaoF = A(aoF),
for all & € QP(M). Suppose that A and « are invariant under F and « is L2-orthogonal
to each harmonic form on M. Prove that there is an invariant solution 7 of An = a.

. (Holonomy transformations.) Show that the parallel transport defined by the Levi-

Civita connection over any closed loop based at x € M defines an orthogonal linear
transformation of T, M which is in SO(T,M ) when M is oriented.
An orthogonal almost complex structure on a manifold (M, g) is an endomorphism
J of its tangent bundle TM such that J> = —1 and g(JX,JY) = g(X,Y), for all
X,Y € Vect(M). If M admits such J, show that M is orientable and even-dimensional.
Show that w = g(J-, ) defines a 2-form on M with w™ # 0 at each point (dim M = 2n).
Show further that the following statements are equivalent:

(a) VJ =0,
(b) Vw =0,
(c) the parallel transport defined by V along closed loops is represented by elements

of U(n) C SO(2n) (after some natural identifications).

Here V denotes the (induced) Levi-Civita connection on respective vector bundles.
(Each of (a),(b),(c) is in fact equivalent to M being a Kdhler complex manifold with
Kahler form w and J corresponding to multiplication by ¢ in local complex coordinates.)

(i) For any two bilinear forms h,k on tangent spaces to M, define a (0,4)-tensor
(hk)(X.Y,Z,T) = h(X, Z)k(Y,T)+h(Y, T)k(X, Z)—h(X, T)k(Y, Z)—h(Y, Z)k(X,T),
where X,Y,Z,T € T,M. Show that the curvature tensor R = (R;ju) of a Rie-
mannian n-dimensional manifold (M,g), n > 4, has an SO(n)-invariant, orthogo-
mg “g+ niiQ (Ric—%g) - g + W, where W satis-
fies W(X,Y,Z,T) + W(Z,X,Y,T) + W(Y,Z,X,T) = 0 (1st Bianchi identity) and
Yo W(X,e;,Y,e;) =0forall X,Y,Z,T € T, M and where e; is an orthonormal basis
of T, M. (W is called the Weyl tensor of (M, g)).

(ii) Suppose that dim M = 4 and M is oriented. We consider R as a symmetric bi-
linear form on the fibres of A2T*M. Let a bilinear form, B : AT x A~ — R be the
restriction of R defined using the decomposition into self- and anti-self-dual forms as in
Question 3. Show that B is equivalent to the trace-free part Ricg of the Ricci curvature
(with respect to the metric g), that is, ¢"*(Rico)g; = ¢"* Ricg; —3s 53. in local coordi-
nates, where (¢%/) denotes the inverse matrix of g = (g;;) (the summation convention
is assumed).

Show further that R, with respect to the decomposition A? = AT @A™, has the form

W+ 51 B
BT W=+ 51)7

where W+ : AT x AT — R are symmetric bilinear forms with tr W~ + tr W+ = 0 and
W =W+ @W~ is an SO(4)-invariant orthogonal decomposition of the Weyl tensor.

nal decomposition R =
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